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Motivation: !
perhaps THE biggest mystery in modern science



“Observational Cosmology” 
In this class you will learn:

What does this even mean? 
!
!
!

How did this evolution happen? 
!
!

and, most of all, 
How can we measure all this?



Course Evaluation
One short written report exploring in more detail one of the topics 

presented in class.   
Choose one of the suggested essay themes provided at the end of the 

course.  
!

Requirements:!
• more than 2 and less than 4 pages long (use reasonable margins and 

font size, 11-12) 
• in English! 
• must contain at least one figure 
• must have a list of references with at least 2 or preferably 3 journal 

articles where you found the information described in the report 
!

Your goal: use the information you learned in this class to understand 
by yourself a new concept in more detail

Textbook: “Extragalactic Astronomy and Cosmology”,  
Peter Schneider



Pre-course quiz.!
Do you know what is:

redshift?  赤方偏移 
!

the Hubble expansion? ハッブル膨張 
!

the cosmic microwave background? 宇宙マイクロ波背景放射 
!

the transformation to comoving coordinates? 座標変換 
!

a cluster of galaxies? 銀河団









The Cosmic Web

voids

large-scale structure 
filaments

galaxy clusters



The homogeneous and isotropic Universe

Over 2 million galaxies in a region 100 degrees across centered toward the Milky Way 
Galaxy's south pole.

Locally, the Universe clearly has structure, but when averaged over very large spatial 
scales, it becomes well approximated as uniform: isotropic (the same in all directions) and 

homogeneous (the same at all places).



Now, consider the evolution of a spherical volume of radius L(t)  
(if we choose small L then GR corrections become small and we can use Newtonian dynamics).  

!
Because of gravitational pull of matter inside sphere:
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Equations of motion of uniform matter-dominated universe

Since the right-hand side must be <0 (unless the Universe is empty), Einstein 
concluded that a static Universe is NOT possible.  

!
He then tweaked his GR equations to add a “cosmological constant” Λ to make the 

Universe static



v=H*d 
H=500 km/s/Mpc, Hubble 1929 (current value ~70 km/s/Mpc)

Discovery of the cosmic expansion: The Universe isn't static!



Progress in measuring cosmic expansion

https://www.cfa.harvard.edu/~dfabricant/huchra/hubble/

Hubble Space Telescope Key Project (2001): 72+/-7 
WMAP (2011) 70.2+/-1.4  

Planck (2015) 67.74 +/- 0.46

https://www.cfa.harvard.edu/~dfabricant/huchra/hubble/


What does cosmic expansion mean?

Imagine an elastic band:

Now, someone stretched it out to double its initial size:
L L L L L

2L 2L 2L 2L 2L

d=L  
v= L/t

d= 2L  
v= 2L/t

d=3L  
v=3L/t

d= 4L  
v= 4L/t

We recover v∝d!



But the Universe is NOT expanding away from any “privileged” point that 
remains fixed in space!

A B CXY

If you live in galaxy A

A B CXY

If you live in galaxy B

v2v

2v v v3v

v 2v



3D intuitive equivalent to cosmic expansion 
(‘expanding raisin bread model’)

But, in the Universe, there is no dough…  
the space itself is growing



How do we measure the velocity  
with which other galaxies are receding from us? 

The relativistic Doppler effect

vc c

λ’= (c+v)T   with v positive for receding source 
[all quantities measured in observer’s frame] 

in relativity we must also consider time dilation:
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β=v/c



The concept of “redshift”

Redshift (z) is defined as 
!
!

*in the non-relativistic limit, λobs=λ0(1+v/c) therefore z=v/c  
!

The recession velocity v of a galaxy has two components: 
(1) “Hubble flow” (velocity due to the expansion of space) 

(2) Peculiar velocity (galaxy is moving through space) 
!

the expansion velocity v=H*d, thus if d is small, the expansion velocity is small and peculiar 
velocities may dominate 

!
in the distant universe, the Hubble flow velocity becomes large and peculiar velocities are 
insignificant in comparison; therefore “redshift” is often used to indicate the distance of an 

object rather than quoting it in Mpc 
!

Note that z can become (much) larger than 1
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Mathematical description of expanding universe

to account for expansion with time, it is useful to  
transform to comoving coordinates  

r=a(t)x !
!

We are free to choose, for convenience, 
a=1 at the present (i.e. units of x is Mpc in 

local Universe)

physical distance  
(e.g. km or Mpc)

coordinate distance  
(any arbitrary units;  

e.g. size on a paper in cm)

a(t) is called the “scale factor”



Mathematical description of expanding universe

If nothing is moving with respect to our coordinate grid (x does not change with time) 
r=a(t)x → v=dr/dt=(ȧ/a)r!

!
Hubble’s law: v= Hr, thus H=ȧ/a 

!
Of course things are moving through space, so in reality 

v=dr/dt=(ȧ/a)r+u!
with u being the “peculiar velocity” and (ȧ/a)r the “Hubble flow”

Redshift is due to the fact that the photon 
wavelength expands as the space expands: 

λ(a)=aλobs;  
Remembering the definition of redshift:  

λobs=λemitted*(1+z) 
Therefore,  
a=1/(1+z)



Now, consider the evolution of a spherical volume of radius L(t)=L0a(t) (if we choose small L 
then GR corrections become small and we can use Newtonian dynamics). Expansion will 

slow down because of gravitational pull of matter inside sphere:
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so, in a matter dominated Universe, we obtain 
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with respect to a point in time where we know the density to be ρ0
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2ȧä = d(ȧ2)/dt = � 4⇡G⇢0a
3
0

3
2ȧ
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Equations of motion of uniform matter-dominated universe

Integrating once with respect to time (multiply both sides by 2ȧ):
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Let n̄ be the average number density of galaxies. The probability of finding

a galaxy in the volume element dV is:

P1 = n̄dV

The probability of finding a galaxy in the volume element dV at location x and

another galaxy at location y is:

P2 = (n̄dV )

2
[1 + ⇠(x,y)]

If the galaxies are uncorrelated, P2 = (P1)
2
and ⇠ = 0. For a statistically

homogeneous and isotropic universe, ⇠ can only depend on r = |x� y|.
�(x) = ⌃akcos(x · k)

✏↵⌫ =

32⇡Z2e6neni

3mec3

r
2⇡

3kBTme
e�h⌫/kBT gff (T, ⌫)

✏↵⌫ is flat for h⌫ << kBT and exponentially decreasing for h⌫ > kBT .
�TSZ
TCMB

= f(⌫)yc

⇠(r) =
⇣

r
r0

⌘��

@⇢
@t +r · (⇢v) = 0

@v
@t + (v ·r)v = �rP

⇢ �r�

r2
� = 4⇡G⇢� ⇤

d2L

dt2
= �GM

L2

V = 4⇡
L3

3

⇢ = ⇢m +

u

c2
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integration constant



The meaning of k: 
• RHS must be greater than zero. If k > 0, then there is a maximum value of a at which 
the expansion turns around and collapse begins. This is a closed Universe. 
• If k < 0, expansion rate eventually tends to a constant determined by the value of k - 
an open Universe. 
• If k = 0, expansion slows but never reverses - a flat Universe.
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Let n̄ be the average number density of galaxies. The probability of finding

a galaxy in the volume element dV is:

P1 = n̄dV

The probability of finding a galaxy in the volume element dV at location x and

another galaxy at location y is:

P2 = (n̄dV )

2
[1 + ⇠(x,y)]

If the galaxies are uncorrelated, P2 = (P1)
2
and ⇠ = 0. For a statistically

homogeneous and isotropic universe, ⇠ can only depend on r = |x� y|.
�(x) = ⌃akcos(x · k)

✏↵⌫ =

32⇡Z2e6neni

3mec3

r
2⇡

3kBTme
e�h⌫/kBT gff (T, ⌫)

✏↵⌫ is flat for h⌫ << kBT and exponentially decreasing for h⌫ > kBT .
�TSZ
TCMB

= f(⌫)yc

⇠(r) =
⇣

r
r0

⌘��

@⇢
@t +r · (⇢v) = 0

@v
@t + (v ·r)v = �rP

⇢ �r�

r2
� = 4⇡G⇢� ⇤

d2L

dt2
= �GM

L2

V = 4⇡
L3

3

⇢ = ⇢m +

u

c2
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Equations of motion of uniform matter-dominated universe

remember that H=ȧ/a: the Hubble “constant” is not a constant!



Closed, flat, or open universe: an imaginary experiment with your 
far-away alien pen-friends!

k=0

k<0

k>0



Einstein - de Sitter Universe (matter-dominated, k=0)

It follows that a∝t2/3  and the time since the Big Bang is 2/3H0=9.2Gyr 
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We can define the critical density



All of the stars in a globular cluster formed at roughly the same time, thus they can serve as 
cosmic clocks. The older the cluster, the less massive the biggest hydrogen burning star in it 

can be. 
The oldest globular clusters contain only stars less massive than 0.7 solar masses, 

suggesting that they are between 11 and 18 billion years old.



Equations of motion of uniform expanding universe with !
a cosmological constant
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radiation energy density: 
number of photons decreases as a-3, but 

wavelength also increases as a so that this 
term decreases as a-4

matter density 
(baryons+dark matter): 

proportional to a-3

cosmological 
constant: does not 
depend on a at all

Useful to define a radiation density and a “cosmological constant 
density” as 
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“Friedmann equations”
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The second Friedmann 
equation becomes:

By measuring H as a function of redshift (a=1/(1+z)), we can 
constrain the density parameters Ω at the present time



As a increases, ρr decreases the fastest (as the 4th power 
of a). At some point, ρr becomes smaller than ρm which 

decreases only as the 3rd power of a.    

Early universe (small a): “radiation dominated”

As a increases further, ρm 
decreases as the third power 

of a while ρΛ does not change. 
No matter how small ρΛ is 

initially, because it does not 
decrease with a, it will become 

dominant for large a.

Three stages of the Universe

scale factor a
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Let n̄ be the average number density of galaxies. The probability of finding

a galaxy in the volume element dV is:

P1 = n̄dV

The probability of finding a galaxy in the volume element dV at location x and
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Effect of cosmological constant on age of Universe
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From numerical evaluations of:

Solves “problem” of 
age of Universe 

compared to oldest 
globular star clusters 

(13.8 Gyr)



Take-home points

On large scales (hundreds of Mpc), the Universe is uniform 
(isotropic&homogeneous)

The rate of expansion and age of the Universe depend on the contents of 
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“baby” universe: radiation dominated
“teenager” universe: matter dominated

“adult/senior” universe: cosmological constant dominated
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The Universe is expanding. Expansion velocity measured via Doppler 
effect as a “redshift” (z) of the spectra:
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Distances in cosmology

Cosmologists define the luminosity distance DL and angular-diameter 
distance DA: 

S =

L
4⇡DL(z)2 and ✓ =

⇡R2

DA(z)2

4

“if you know the absolute luminosity and 
apparent brightness of something, you can 

convert this into a distance”

“if you know the physical size and apparent 
angular size (or, in the above equation, solid 

angle) of something, you can convert this 
into a distance”

(solid angle)



Distances in cosmology
In the local Universe, DL=DA. At larger z, DL and DA are both unique 
functions of z and depend on the cosmological parameters Ω0,Λ,m  

(Exact calculation of the functions requires GR)

If you have a “standard candle” 
that you know the absolute 

magnitude of and can measure the 
apparent brightness, you can 

measure DL versus z

If you have a “standard ruler” that 
you know the absolute physical 

size of and can measure the 
apparent angular extent, you can 

measure DA versus z 
Note that DA is not necessarily 

monotonic!!

DL: How bright 
something appears at a 
given z as a function of 

how bright it really is

DA: How big something appears 
at a given z as a function of how 

big it really is



Methods in cosmology:

Standard candle!
!

Standard ruler!
!

[+ Standard “bucket”]



Henrietta Swan Leavitt (1908)

discovered that for a certain class of variable stars called Cepheids  
there is a  relation between the luminosity and the period

1. Standard candles



Edwin Hubble used Cepheids as “standard 
candles” to determine the distance to other 
galaxies, and thus to plot recession velocity 

versus distance.

The farthest Cepheids found so far are in NGC 3370, a spiral galaxy in the constellation 
Leo, at a distance of 29 Mpc. Also, uncertainties in Cepheid distances are quite large, 

about 7% for nearby galaxies and up to 15% for distant systems. 
To probe Hubble’s constant in the more distant Universe, we need another, !

brighter and more precise distance indicator!

1. Standard candles



Type Ia supernovae as standard candles

Very bright; can outshine their entire host galaxy! 
!

Because the explosion always occurs when the 
white dwarf reaches a fixed mass (the 

Chandrasekhar limit), type Ia supernova 
luminosities are very similar. 

!
Once corrected for the duration of the light curve, 

their peak absolute magnitude can be 
determined very precisely!
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Time dependence of the Hubble constant from SNIa measurements



The accelerating 
Universe

SNIa data require a non-zero 
cosmological constant term 

(“dark energy”) 
Recall: dark energy density 

does NOT decrease as space 
expands (very unintuitive!)



Methods in cosmology:

Standard candle!
!

Standard ruler!
!

[+ Standard “bucket”]



In the early Universe, the radiation density was much higher than the 
matter density, so the dynamics of the expansion was driven by 

radiation (photons). 
!

As the Universe expanded and cooled, quarks combined to protons 
and neutrons producing a hydrogen plasma. At this point space is 

still opaque to light (photons and baryons evolve together). 
!

When the universe cooled enough, protons and electrons combined 
to form neutral hydrogen atoms (“epoch of recombination”). These 

atoms could no longer absorb the thermal radiation, and so the 
universe became transparent (~380,000 years after Big Bang).  

!
After recombination, matter and radiation evolve independently. The 
radiation left over from this epoch follows a black-body distribution 

whose effective temperature drops as the universe expands. 

The radiation-dominated era



George Gamow (see also work of Ralph Alpher and Robert Herman) had predicted in 
1953 that radiation left over from the Big Bang should fill the whole Universe with a 

temperature of 7K. 
In 1964, Arno Penzias and Robert Wilson accidentally discover the signal from this 

background radiation. 

Discovery of CMB radiation



400 photons per cubic centimeter. In this room! 
A few percent of TV static. 

There are 1 billion photons for every baryon in the 
Universe.

Cosmic microwave background basics

We see the “surface of last 
scattering” when Universe 

became transparent to light.

CMB temperature is the same within +/-0.0035K; 
those variations are due to the absolute velocity of 
the Earth through the Universe, v = 627 +/- 22 km/s 
(Kogut et al. 1993, COBE). Once that is taken out, 
the temperature is the same within 1 in 100,000.



CMB dipole anisotropy

Galactic emission in the 9 
Planck frequency bands 

!
Different spectral shape of 

different components is very 
important to disentangle CMB 

anisotropies from Galactic 
foreground!



angular distribution of CMB temperature reflects the matter 
inhomogeneities at the time when radiation decoupled from matter

how far sound could travel before recombination is imprinted in the power spectrum of 
these fluctuations and serves as a “standard ruler”;  

2. Standard ruler



CMB power spectrum

Credit: Wayne Hu

However, the vast majority of information lies not in the frequency spectrum of the CMB, but in its tem-
perature field. Although the observed average temperature is amazingly uniform across the sky, a good
signal-to-noise experiment will reveal small fluctuations around this average. These fluctuations are small
(1 part in 10,000!), and in 2003 the satellite experiment WMAP provided the first high resolution, high
signal-to-noise, full-sky map of these fluctuations. Since we are interested in the deviation from the average
temperature, we generally define a dimensionless quantity Θ(n̂) = T (n̂)−⟨T ⟩

⟨T ⟩ , where n̂ is a direction in the
sky, n̂ ≡ (θ, φ)

We see these temperature fluctuations projected in a 2D spherical surface sky, and so it has become common
in the literature to expand the temperature field using spherical harmonics. The spherical harmonics form
a complete orthonormal set on the unit sphere and are defined as

Ylm =

!

2ℓ + 1

4π

(ℓ − m)!

(ℓ + m)!
Pm

ℓ (cosθ)eimφ (2)

where the indices ℓ = 0, ...,∞ and −ℓ ≤ m ≤ ℓ and Pm
ℓ are the Legendre polynomials. ℓ is called the

multipole and represents a given angular scale in the sky α, given approximately by α = π/ℓ (in degrees).

We can expand our temperature fluctuations field using these functions
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lm(n̂)dΩ (4)

and, analogously to what we do in Fourier space, we can define a power spectrum of these fluctuations, Cℓ,
as the variance of the harmonic coefficients

⟨alma∗
l′m′⟩ = δℓℓ′δmm′Cℓ (5)

where the above average is taken over many ensembles and the delta functions arise from isotropy (we can
sample from our own Universe). We only have one Universe, so we are intrinsically limited on the number
of independent m-modes we can measure - there are only (2ℓ + 1) of these for each multipole. We can write
the following expression for the power spectrum:

Cℓ =
1
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ℓ
"

m=−ℓ

⟨|alm|2⟩ (6)

This leads to an unavoidable error in our estimation of any given Cℓ of ∆Cℓ =
$

2/(2ℓ + 1): how well we
can estimate an average value from a sample depends on how many points we have on the sample. This is
normally called the cosmic variance.

In real space, the power spectrum is related to the expectation value of the correlation of the temperature
between two points in the sky:

ξΘΘ(θ) = ⟨Θ(n̂)Θ(n̂′)⟩ =
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Cosmological models normally predict what the variance of the alm coefficients is over an ensemble, so they
predict the power spectrum. Each Universe is then only one realisation of a given model.
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Temperature fluctuations field decomposed into “spherical harmonics”

However, the vast majority of information lies not in the frequency spectrum of the CMB, but in its tem-
perature field. Although the observed average temperature is amazingly uniform across the sky, a good
signal-to-noise experiment will reveal small fluctuations around this average. These fluctuations are small
(1 part in 10,000!), and in 2003 the satellite experiment WMAP provided the first high resolution, high
signal-to-noise, full-sky map of these fluctuations. Since we are interested in the deviation from the average
temperature, we generally define a dimensionless quantity Θ(n̂) = T (n̂)−⟨T ⟩

⟨T ⟩ , where n̂ is a direction in the
sky, n̂ ≡ (θ, φ)

We see these temperature fluctuations projected in a 2D spherical surface sky, and so it has become common
in the literature to expand the temperature field using spherical harmonics. The spherical harmonics form
a complete orthonormal set on the unit sphere and are defined as

Ylm =

!

2ℓ + 1

4π

(ℓ − m)!

(ℓ + m)!
Pm

ℓ (cosθ)eimφ (2)

where the indices ℓ = 0, ...,∞ and −ℓ ≤ m ≤ ℓ and Pm
ℓ are the Legendre polynomials. ℓ is called the

multipole and represents a given angular scale in the sky α, given approximately by α = π/ℓ (in degrees).

We can expand our temperature fluctuations field using these functions

Θ(n̂) =
ℓ=∞
"

ℓ=0

ℓ
"

m=−ℓ

almYlm(n̂) (3)

where

alm =

# π

θ=−π

# 2π

φ=0
Θ(n̂)Y ∗

lm(n̂)dΩ (4)

and, analogously to what we do in Fourier space, we can define a power spectrum of these fluctuations, Cℓ,
as the variance of the harmonic coefficients

⟨alma∗
l′m′⟩ = δℓℓ′δmm′Cℓ (5)

where the above average is taken over many ensembles and the delta functions arise from isotropy (we can
sample from our own Universe). We only have one Universe, so we are intrinsically limited on the number
of independent m-modes we can measure - there are only (2ℓ + 1) of these for each multipole. We can write
the following expression for the power spectrum:

Cℓ =
1

2ℓ + 1

ℓ
"

m=−ℓ

⟨|alm|2⟩ (6)

This leads to an unavoidable error in our estimation of any given Cℓ of ∆Cℓ =
$

2/(2ℓ + 1): how well we
can estimate an average value from a sample depends on how many points we have on the sample. This is
normally called the cosmic variance.

In real space, the power spectrum is related to the expectation value of the correlation of the temperature
between two points in the sky:

ξΘΘ(θ) = ⟨Θ(n̂)Θ(n̂′)⟩ =
1

4π

∞
"

ℓ=0

(2ℓ + 1)CℓPℓ cos θ, n̂.n̂′ = cos θ (7)

Cosmological models normally predict what the variance of the alm coefficients is over an ensemble, so they
predict the power spectrum. Each Universe is then only one realisation of a given model.

2

and power spectrum calculated as:

l is a “multipole” corresponding to angular scale
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CMB power spectrum from Planck

At the time of recombination, cold dark matter has had ~380 kyr to grow haloes under the 
influence of gravity. Baryons would like to flow into these haloes, but the photon pressure 

prevents them. Instead, the fluid oscillates. The sound speed in the relativistic fluid is  
c/sqrt(3). The maximum wavelength rs at which a wave can establish a full oscillation 

before recombination corresponds to the “first acoustic peak” which we see at 
l1~200. Further peaks appear at multiple integers of l1.

“acoustic peaks”



Extracting cosmological parameters from the CMB power spectrum

Hu&Dodelson 2002

Reference:  Ω0=1,  ΩΛ=0.65, Ωbh2=0.02, Ωmh2=0.147 
rs doesn’t 

change (Ωm 
kept 

constant) but 
converting 

that physical 
scale into an 
angular scale 

is very 
sensitive to 
curvature of 

Universe

More baryonic 
matter 

increases ratio 
of first to 

second peak.

Time of 
matter-

radiation 
equality 

changes, so 
peaks are 

shifted and 
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With more baryons in the system, the 
plasma compresses further inside the 

potential well before pressure can reverse 
the motion. The oscillation is now 

asymmetric: the extrema that represent 
compressions inside potential wells are 

increased over those that represent 
rarefactions. The power spectrum takes 
the absolute value of the temperature 

fluctuation.  The first and third peaks are 
enhanced over the second peak.

Credit: Wayne Hu

Extracting baryonic content from the CMB power spectrum

Ωb=0.0486±0.0010 
Ωm=0.3089±0.0062 
(Planck Collaboration 2015)



When the Universe is hot enough, equilibrium between 
protons and neutrons is maintained by the reactions:

7 BIG BANG NUCLEOSYNTHESIS 81

7.2 Neutron-proton ratio

What can we say about np and nn? Protons and neutrons are converted into each
other in the weak reactions

n + νe ↔ p + e−

n + e+ ↔ p + ν̄e (10)

n ↔ p + e− + ν̄e.

If these reactions are in equilibrium, µn + µνe = µp + µe, and the neutron/proton
ratio is

nn

np
≡

n

p
= e−Q/T+(µe−µνe )/T , (11)

where Q ≡ mn − mp = 1.293 MeV.
We need now some estimate for the chemical potentials of electrons and electron

neutrinos. The universe is electrically neutral, so the number of electrons (or ne− −
ne+) equals the number of protons, and µe can be calculated exactly in terms of
η and T . We leave the exact calculation as an exercise, but give below a rough
estimate for the ultrarelativistic limit (T > me):

In the ultrarelativistic limit

ne− − ne+ =
2T 3

6π2

!

π2
"µe

T

#

+
"µe

T

#3
$

= n∗

p ≈ nB ≈ ηnγ = η
2

π2
ζ(3)T 3. (12)

Here n∗

p includes the protons inside nuclei. Since η is small, µ ≪ T , and we can drop
the (µ/T )3 term to get

µe

T
≈

6

π2
ζ(3)η. (13)

Thus µe/T ∼ η ∼ 10−9. The nonrelativistic limit can be done in a similar manner.
It turns out that µe rises as T falls, and somewhere between T = 30 keV and
T = 10 keV µe becomes larger than T , and, in fact, comparable to me.

For T ! 30 keV, µe ≪ T , and we can drop the µe in Eq. (11).
Since we cannot detect the cosmic neutrino background, we don’t know the

neutrino chemical potentials. Usually it is assumed that also µν ≪ T , so that the
difference in the number of neutrinos and antineutrinos is small. Thus we ignore
both µe and µν and get that the equilibrium neutron/proton ratio is

n

p
= e−Q/T . (14)

(This is not valid for T " 30 keV, since µe is no longer small, but we shall use this
formula only at higher temperatures as will be seen below.)

Thus we can express the number densities of all nuclei in terms of the free proton
number density np, as long as chemical equilibrium holds.

7.3 Bottlenecks

We define the mass fraction of nucleus i as

Xi ≡
Aini

nB
. (15)

As the Universe cools, protons become favoured over 
neutrons because they are lighter. The equilibrium ratio is:

At t ~ 1s after the Big Bang, T ~ 1010 K, and nuclear reaction rates 
become too slow to maintain equilibrium. If we plug in T=1010 K, nn/
np~0.2. Thereafter, no new neutrons are formed, and existing ones 

decay with half life of ~10 minutes.
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Complementary constraints from Big Bang Nucleosynthesis



Complementary constraints from Big Bang Nucleosynthesis

The larger the baryon to 
photon ratio, the earlier 

deuterium can form, i.e. fewer 
neutrons decay. The ratio of 
4He, 3He, D to H is sensitive 

to Ωb

The deuterium forming reaction is 
initially suppressed by the high 

photon to baryon ratio (a 
sufficient number of high energy 

photons exist that can photo 
dissociate d.) 



Extracting cosmological parameters from the CMB power spectrum

Hu&Dodelson 2002

Reference:  Ω0=1,  ΩΛ=0.65, Ωbh2=0.02, Ωmh2=0.147 
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CMB power spectrum from Planck: smallest and largest scales

On largest scales, power is driven 
by primordial fluctuation spectrum. 

Integrated Sachs-Wolfe effect: 
photons that have to climb out of a 
changing gravitational well cause 

the CMB spectrum to appear 
uneven.



Baryonic acoustic oscillations in galaxy redshift surveys

Eisenstein et al. 2005

Two-point correlation function of SDSS 
Luminous Red Galaxies: 

we can see the imprint of the first 
acoustic peak, but now we see its 
angular scale at z~0.35 and can 
compare it to the angular scale at 

z~1000 (other projects confirmed this 
at other redshifts)

Anderson et al. 2012



Concordance cosmology

Different methods are complementary and 
give consistent results! 

Current Planck+BAO+SNIa constraints 
(Planck Collaboration 2015):

Ωb=0.0486+/-0.0010 
Ωm=0.3089+/-0.0062 
ΩΛ=0.6911+/-0.0062 

H0=67.74+/-0.46 km/s/Mpc 
age of Universe 13.799+/-0.021 Gyr

It was assumed that: 
The cosmological constant really is a constant 
 There are 3 neutrino species, and the sum of 

their masses is 0.06 eV/c2 



Methods in cosmology:

Standard candle !
!

Standard ruler!
!

[+ Standard “bucket”]



The most prominent structures in the cosmic web

• Galaxy clusters are the largest galaxy overdensities in the cosmic 
web. Typically 100s to 1000s of luminous galaxies over volumes a few 
Mpc across (by comparison, 3 galaxies in the Local Group that is 
similar in size). 

• Usually close to virial equilibrium.

Abell 383

• The space between the 
galaxies is filled with 
diffuse, X-ray emitting 
plasma with typical 
temperatures of 107 to108K 
and densities 10-2 to 10-4 

cm-3 (best vacuum on 
Earth has 100 atoms per 
cubic centimetre!!!) 



How did the intracluster medium (ICM) get so hot?

The “Bullet Cluster”: a head-on merger of two galaxy clusters of similar mass. Such mergers 
are the most energetic events since the Big Bang!



Illustris simulation
106.5 Mpc on a side, 3x18203 particles; TreeSPH Hybrid numerical method 

Smallest resolved cell 50pc (!), mass resolution ~a few 106 Msun(!) 
2000 years of CPU time (Vogelsberger et al. 2014a+b)

http://www.illustris-project.org/movies/illustris_movie_sb0_shocks.mp4

http://www.illustris-project.org/movies/illustris_movie_sb0_shocks.mp4


Why do clusters emit X-rays?

The dominant emission mechanism is optically thin bremsstrahlung 
from a collisionally ionised hot gas. Electrons are accelerated in the 
Coulomb field of protons/nuclei and emit radiation. This generates 
continuum radiation. From the spectrum of this X-ray emission, the 
density and temperature can be determined. 

Emission at specific energies corresponding to the transition between an 
upper shell and a lower shell of a particular ion in the plasma generates 
line emission. Line ratios are also sensitive to the plasma temperature.

6.4 Hot gas in galaxy clusters 295

Fig. 6.21 The cluster of galaxies
MS 1054!03 is, at z D 0:83, the
highest-redshift cluster in the
Einstein Medium Sensitivity
Survey, which was compiled
from observations with the
Einstein satellite (see Sect. 6.4.5).
On the right, an HST image of
the cluster is shown, while on the
left is an optical image, obtained
with the 2.2-m telescope of the
University of Hawaii, superposed
(in blue) with the X-ray emission
of the cluster measured with the
ROSAT-HRI. Credit: Megan
Donahue/STSCI, Isabella
Gioia/Univ. of Hawaii and NASA

tion gff is called Gaunt-factor; it is a quantum mechanical
correction factor of order 1, or, more precisely,

gff ! 3p
!
ln
!
9kBT

4hP"

"
:

Hence, the spectrum described by (6.31) is flat for hP" "
kBT , and exponentially decreasing for hP" & kBT , as is
displayed in Fig. 6.22.

The temperature of the gas in massive clusters is typically
T # 5 $ 107K, or kBT # 5 keV—X-ray astronomers
usually specify temperatures and frequencies in keV (see
Appendix C). For a thermal plasma with Solar abundances,
the total bremsstrahlung emission is

#ffD
Z 1

0

d"#ff"!3:0 $ 10!27
r
T

1K

# ne

1 cm!3

$2
erg cm!3s!1:

(6.32)

Line emission. The assumption that the X-ray emission
originates from a hot, diffuse gas (intracluster medium, ICM)
was confirmed by the discovery of line emission in the X-
ray spectrum of clusters. One of the most prominent lines in
massive clusters is located at energies just below 7 keV: it is
the Lyman-˛ (“K˛”) line of 25-fold ionized iron (thus, of an
iron nucleuswith only a single electron). Slightly less ionized
iron has a strong transition at somewhat lower energies of
E # 6:4 keV. Later, other lines were also discovered in
the X-ray spectrum of clusters. As a rule, the hotter the gas
is, thus the more completely ionized it is, the weaker the
line emission. The X-ray emission of clusters with relatively
low temperatures, kBT . 2 keV, is sometimes dominated
by line emission from highly ionized atoms (C, N, O, Ne,
Mg, Si, S, Ar, Ca, and a strong line complex of iron at

E # 1 keV—see Fig. 6.22). The emissivity of a thermal
plasma with Solar abundance and temperatures in the range
105K . T . 4 $ 107K can roughly be approximated by

# ! 6:2 $ 10!19
!
T

1K

"!0:6 # ne

1 cm!3

$2
erg cm!3 s!1 :

(6.33)

Equation (6.33) accounts for free-free emission as well as
line emission. Compared to (6.32), one finds a different
dependence on temperature: while the total emissivity for
bremsstrahlung is / T 1=2, it increases again towards lower
temperatures where the line emission becomes more impor-
tant (see also Fig. 10.3 for the temperature dependence of
the emissivity of a gas). It should be noted in particular that
the emissivity depends quadratically on the density of the
plasma, since both bremsstrahlung and the collisional exci-
tation responsible for line emission are two-body processes.
Thus in order to estimate the mass of the hot gas from its
X-ray luminosity, the spatial distribution of the gas needs
to be known. For example, if the gas in a cluster is locally
inhomogeneous, the value of

˝
n2e
˛
which determines the X-

ray emissivity may deviate significantly from hnei2. As we
will see later, clusters of galaxies satisfy a number of scaling
relations, and one relation between the gas mass and the X-
ray luminosity is found empirically, from which the gas mass
can be estimated. One finds that the mass in the intracluster
gas is about five to ten times larger than the mass of the
stars in the galaxies, where this ratio slightly increases with
increasing cluster mass.

Morphology of the X-ray emission. From the morphology
of their X-ray emission, one can roughly distinguish between

The emissivity of a plasma with solar 
abundances and temperature between 
105—4x107K can be approximated as:



Typical X-ray spectrum of a galaxy cluster 
(folded through instrumental response)

2A0335 (Werner et al. 2006)

XMM-Newton RGS XMM-Newton EPIC



The distribution of baryons in clusters of galaxies

From the bremsstrahlung emissivity, the density and mass of X-ray 
emitting gas can be calculated and compared to mass of stars seen in 

optical light 

reasons discussed below, we conclude that there is no compelling
case for undetected baryons in the groups and clusters in our sample.

We fit the behavior of the stellar and X-ray gas mass fractions
withmass as power laws (Fig. 2, top).Within r500, the stars result in
a relationship log f! ¼ (7:57 # 0:08)$ (0:64 # 0:13) logM500

and the plasma in log fg¼($3:87#0:04)þ (0:20# 0:05)logM500

for the sample of Vikhlinin et al. (2006).5 Note that while this fit
applies only to theVikhlinin et al. (2006) data set, the Gastaldello
et al. (2006) points in Figure 2 are consistent with this relation.
The behavior of the two components is clearly inverted. The plasma
component, which dominates at cluster masses >1014 M&, has a
shallower dependence on mass than the stellar component. We
use our best-fit relation for the stellar mass to convert the X-ray
gas fractions from Vikhlinin et al. (2006) and Gastaldello et al.
(2006) to total baryon fractions on a cluster-by-cluster basis. The
resulting total baryon fractions, shown in the bottom panel of
Figure 2, are independent of cluster mass over the range ofM500

from 6 ; 1013 to 1015 M&. If one considers only the statistical
uncertainties associated with our total cluster baryon fraction and
the WMAP measurement, then the two values are discrepant at
the level of 3.2 !.

There are three possible interpretations of this result in the
context of a full baryon accounting. First, systematic uncertain-
ties may be significantly larger than the random errors, and our
measurementmay therefore be consistentwith the universalWMAP
value. Because the gas mass fraction is much larger than the stel-
lar mass fraction over the majority of the mass range we probe,
we focus this discussion on potential errors in the gas mass frac-
tion. Systematic errors, by their nature, are often difficult to calcu-
late and can best be illuminated by comparing independent studies.
Zhang et al. (2007) and Rasmussen & Ponman (2004) provide
gas mass fractions for high- and low-mass systems, respectively.
Zhang et al. (2007) find gas fractions that are 15% larger than those
we adopted over the range probed by their sample. Rasmussen &
Ponman (2004) also find gas fractions that are larger than those
we adopted for comparably low mass systems. Together, these
two samples cover the mass range of our adopted sample and
result in an average fb ¼ 0:149, which is 2.1 ! discrepant with
the WMAP value and 12% larger than the fb we derive for the
Vikhlinin et al. (2006) data set. We conclude that indeed the sys-
tematic uncertainties dominate, that the sense of the uncertainty
works to diminish the discrepancy between measurements and
expectations, and that the case for undetected baryon compo-
nents rests on removing these systematic uncertainties. Second,
the baryon mass fraction with r500 in clusters may be different
from the universal value. Cluster simulations routinely predict
baryon fractions that are lower than the universal baryon fraction
by '10%. We have deliberately not adopted any of those as the
target because there are still a minority of simulations that predict
a baryon fraction larger than universal (e.g., Kravtsov et al. 2005).
Third, the shortfall may be resolved by yet undetected baryon
components. The constancy of the measured baryon fraction with
total system mass argues against a large undetected component,
but one could contribute at a modest level and bypass current
detection. In the end, all of these possibilities may contribute at
some level to a final resolution of the baryon accounting, but
at this point we are left to conclude that there is no compelling
evidence for undetected baryons.

We close this section by comparing our study to that of Lin
et al. (2003), who obtained a dependence of the baryon fraction
on cluster mass in conflict with our result. The range of masses
covered by the two studies is the same, and we both use r500 as
our fiducial radius, so the discrepancy is real. The most obvious
differences are our inclusion of the ICL component and our dif-
ferent normalization of the gaseous component. We model the
effect of including the ICL in their accounting by using our rela-
tionship for theBCG+ICLmass versus systemmass and ‘‘correct-
ing’’ their values of the baryon fraction on a cluster-by-cluster
basis.6 The relationship between baryon fraction and mass de-
creases from a '3 ! result in the original Lin et al. (2003) study
to a 1.8 ! result in the corrected case. Therefore, the inclusion
of the ICL explains part of the discrepancy between our result
and that of Lin et al. (2003), although apparently not all of it.
The lack of the ICL in the Lin et al. (2003) accounting was not an
oversight—they attempted to model the effect of the ICL in Lin
& Mohr (2004), but simply lacked data of the sort we present
here. While the exclusion of the ICL causes a relative under-
prediction of the contribution of stellar baryons for the lowest
mass systems, the Lin et al. adopted X-ray gas fractions, which
are'25% larger than ours and hence consistent with theWMAP
baryon mass fraction for the most massive systems, cause a rela-
tive overprediction of baryons in the highest mass systems. These

Fig. 2.—Top: Determination of cluster and group baryon fractions within r500
as a function ofM500 (bottom axis) and velocity dispersion (top axis). X-ray gas
mass fractions from Vikhlinin et al. (2006; circles) and Gastaldello et al. (2006;
triangles) and the stellarmass fractions (BCG+ICL+galaxies; squares) for systems
in our sample with masses that overlap the range shown for the X-ray studies.
All measurements are within r500. Overplotted are the best-fit relations for the
Vikhlinin et al. (2006) sample gas mass fractions and for our stellar mass frac-
tions. The WMAP 1 ! confidence region for the universal baryon fraction from
Spergel et al. (2006) is shown for comparison, and the right-hand axis shows Y,
the ratio of the baryon fraction for each component to the universal value from
WMAP. Bottom: The total baryon fraction derived for the Vikhlinin et al. (2006)
and Gastaldello et al. (2006) clusters if our best-fit stellar baryon relation is used
to estimate a stellar baryon contribution for each of these systems. The weighted
mean for the sample (dashed line) is !b /!m ¼ 0:133 # 0:004. We observe no
trend in baryon fraction with cluster mass. The error bars on the individual data
points and the weighted mean include only statistical uncertainties. The un-
weighted mean for the combined Zhang et al. (2007) and Rasmussen & Ponman
(2004) samples (dotted line) is included to provide a sense of the systematic
uncertainties. [See the electronic edition of the Journal for a color version of this
figure.]

5 Note that while this fit applies only to the Vikhlinin et al. (2006) data set , the
Gastaldello et al. (2006) points in Fig. 2 are consistent with this relation.

6 This is a slight ('20%) overcorrection because it includes the BCG,
which Lin et al. (2003) had already included.

BARYONS IN CLUSTERS AND GROUPS 151No. 1, 2007

Gonzalez et al. 2007

In massive clusters, only ~10% 
of the baryons are in stars, the 
rest is in the form of hot X-ray 

gas!! 
!

X-ray observations are important 
for tracing Large-Scale Structure 

formation and evolution.



Alternative way to measure properties of the hot gas  
in clusters of galaxies: the Sunyaev-Zel’dovich effect

Planck Collaboration: P. A. R. Ade et al.: SZ in Virgo as seen by Planck

Fig. 2. Left to right: Optical depth ⌧, dust temperature T (in kelvin), and spectral index �d of the dust component in the Virgo region.
Some clusters in this field of view (Coma to the North, Leo to the East, and Virgo near the centre) can be clearly spotted as artefacts
in the T and �d maps. The coordinates are Galactic and the field of view resembles that of Fig. 1 (31.�9) and other figures in this
paper.

ray-derived models and the SZ signal observed by Planck. The
relative proximity of Virgo means that at the resolution of Planck
any features larger than 26 kpc can potentially be resolved. This
is an unprecedented resolution for galaxy cluster studies. As op-
posed to other typical clusters, the geometry of Virgo reveals a
complex structure with di↵erent clumps being separated by up
to several megaparsecs (Jerjen et al., 2004).

At the centre of Virgo is M87, one of the most powerful
known AGN, flanked by two very luminous radio jets. The ra-
dio emission marks the regions where large amounts of energy
are being injected into the cluster medium. In X-rays, cold fronts
and shock waves have been identified that are also linked to the
extraordinary activity of the supermassive black hole at the cen-
tre of M87. Perhaps the clearest evidence of the extreme activity
surrounding M87 is the presence of radio lobes with a geometry
that suggests sub-sonic injection of colder gas into the intraclus-
ter medium (Churazov et al., 2001; Forman et al., 2007). The
activity of the AGN has an impact on the X-ray emissivity of the
surrounding gas at supergalactic scales.

As a theoretical counterpart, we use the Virgo cluster from a
constrained simulation of the local Universe. We adopt the ini-
tial conditions from Mathis et al. (2002), who perform N-body
numerical simulations and demonstrated that the evolved state of
these initial conditions provides a good match to the large-scale
structure observed in the local Universe. Here, many of the most
prominent nearby clusters (among them Virgo and Coma) can
be identified directly with halos in the simulations, with a good
agreement for sky position and virial mass. Dolag et al. (2005)
repeated these simulations including also the baryonic compo-
nent, demonstrating that the simulated SZ signal reproduces the
expected SZ signal. In this work we use a new simulation that
includes a wealth of physical processes known to be important
to reproduce realistic galaxy clusters, most importantly the feed-
back from star formation and from super-massive black holes.
We use an implementation that also matches various observed
properties of AGN, as described in the work of Hirschmann et al.
(2014), where details of the implemented physical processes can
be found.

This physical treatment within the simulations results in av-
eraged pressure profiles, which match well the observed ones

from Planck, as demonstrated in Planck Collaboration Int. V
(2013). However, one has to keep in mind that the uncertainties
in the construction of the initial conditions are still substantial,
so that the details of the Virgo cluster formed in the simulations
will be di↵erent from the real, observed one. Especially given
that the current state of the AGN in the centre of the simulated
Virgo cluster is not constrained at all, we therefore expect large
di↵erences particularly in the central part. Figure 1 shows the
region of the sky that contains the simulated Virgo and Coma
clusters in units of the Compton parameter, yc,

yc =
�T kB

me c2

Z
ne T dl (1)

where the integral is along the line of sight and �T, kB, me, ne,
and T are the Thomson cross section, Boltzmann constant, mass
of the electron, electron density, and electron temperature, re-
spectively.

The positions of Virgo and other simulated clusters in the
field of view in Fig. 1 are approximately the same as the actual
ones in the real world, as seen in previous studies (Mathis et al.,
2002; Dolag et al., 2005). The image shows the Compton pa-
rameter, yc, and has been saturated above yc = 6 ⇥ 10�6 for con-
trast purposes. When compared with Coma (the highest signal-
to-noise (S/N) SZ source in the sky), it is evident that despite
its low surface brightness, Virgo is expected to be the brightest
source in terms of integrated signal. Also from the same figure,
it is evident that the outskirts of the Virgo cluster cover a sig-
nificant area of many square degrees, where the elusive WHIM
could be detected after integrating over this large area. Some
evidence of its existence already exists from observations (e.g.,
Yoon et al., 2012).

The resolution of Planck does not allow us to study the pres-
sure profile of clusters in detail, since most of them appear un-
resolved or barely resolved. A few exceptions, like the Coma
cluster, have allowed a study of the pressure profile of clusters
in more detail (Planck Collaboration et al., 2013b). However,
Virgo is a significantly less massive cluster (for which SZ e↵ect
observations are rare) and o↵ers a unique opportunity to study
the pressure profile in a moderate-mass system, for which the
constraints are poor. The pressure profile has also been studied

3

�0
=

(c+v)T0p
1�v2/c2

=

p
1+�p
1��

�0

�0
= (1 + z)�0 =

p
1+�p
1��

�0

Let n̄ be the average number density of galaxies. The probability of finding

a galaxy in the volume element dV is:

P1 = n̄dV

The probability of finding a galaxy in the volume element dV at location x and

another galaxy at location y is:

P2 = (n̄dV )

2
[1 + ⇠(x,y)]

If the galaxies are uncorrelated, P2 = (P1)
2
and ⇠ = 0. For a statistically

homogeneous and isotropic universe, ⇠ can only depend on r = |x� y|.
�(x) = ⌃akcos(x · k)

✏↵⌫ =

32⇡Z2e6neni

3mec3

r
2⇡

3kBTme
e�h⌫/kBT gff (T, ⌫)

✏↵⌫ is flat for h⌫ << kBT and exponentially decreasing for h⌫ > kBT .
�TSZ
TCMB

= f(⌫)yc

⇠(r) =
⇣

r
r0

⌘��

1

f(ν) in the non-relativistic Rayleigh-Jeans limit goes to -2



Images of Abell 2319 at seven frequencies as 
observed by Planck



Virial Theorem for a test particle (a galaxy, or a proton), 
moving in a cluster potential well: 
Ek = Ep / 2 → mg σ2 / 2 = G mg Mcl / (2 Rcl) 
where σ is the velocity dispersion 
!
Thus the cluster mass is: Mcl = σ2 Rcl / G 
Typical values for clusters: σ ~ 500 - 1500 km/s 
          Rcl ~ 3 - 5 Mpc 
Thus, typical cluster masses are Mcl ~ 1014 - 1015 Msun 
The typical cluster luminosities (~ 100 - 1000 galaxies) 
are Lcl ~ 1012 Lsun, and thus (M/L) ~ 200 - 500 in solar units 

→ lots of mass that does not emit visible light!

How can we estimate the total mass of a galaxy cluster?

First pointed out by Zwicky (1933) for the Coma Cluster (he only had velocity measurements 
from eight galaxies to compute the velocity dispersion!)

19
33
Ac
HP
h.
..
6.
.1
10
Z

X-ray gas adds 10x more mass than optical galaxies but still not enough! 



Sound crossing time in the hot X-ray emitting intracluster medium is short compared to the 
cluster’s typical age, so we can assume pressure equilibrium 
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or in a spherically 
symmetric case

M(r) is the total gravitating enclosed mass (including dark matter) 
Plug in P=nkBT=ρgaskBT/(μmp) 
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Masses obtained are typically in the range 1014-1015Msun, in agreement with dynamical 
arguments from galaxy velocity dispersion

How can we estimate the total mass of a galaxy cluster?



How can we estimate the total mass of a galaxy cluster?



A370 (first arc discovered in a cluster)



Weak lensing

• Gravitational lensing does not only deflect the light beams as a whole, but it also affects 
the size and shape of the light beams.  

!
• At larger angular separations from the center of a galaxy cluster, the effect of lensing is 

weaker (no obvious giant arcs), but many background galaxies are distorted less 
strongly. 

• Because the intrinsic shape of each individual 
galaxy is not known, the distortion due to lensing 
becomes too weak to be identified for each 
galaxy image separately 

!
•  Statistically, averaging over many background 

galaxies (assumed not to have a preferred 
orientiation), we can recover the gravitational 
lensing potential. 
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Figure 4. Lensing mass versus X-ray mass. The dark and light blue bands
are the 68% and 95% confidence intervals allowed by the power-law model
fit to the data. The dashed black line is the one-to-one line. The magnitude
of the intrinsic scatter has been marginalized over.

the bulk of clusters in the sample are at low redshift. To test the
sensitivity of our measurements to the details of the interpolation
scheme, we remeasured the lensing to X-ray ratio using only the
correction factor from the z = 0.25 simulation. In this case, we
measure the ratio to be 0.940+0.081

�0.074, where the best Gaussian ap-
proximation to the posterior PDF is µ = 0.948 ± 0.082, a shift of
less than ⇡ 2%.

4.4 Mass or Redshift Trend

In this section, we search for trends in the X-ray to lensing ratio
with mass or redshift. Such trends would suggest that a more com-
plex calibration model is needed for the fgas experiment. Previous
work has suggested that a trend with mass may exist for hydro-
static masses from Chandra, albeit at low statistical significance
and for samples including all dynamic states (Israel et al. 2014). In
our case, we emphasize that the baseline ratio model is an adequate
description of the data, and that the small size of our sample makes
precise measurements of extended models di�cult.

We first examine if the lensing to X-ray mass ratio exhibits
a mass dependence. To do this, we extended the ratio model from
Section 3 to include a power-law scaling between lensing and X-
ray masses (again including intrinsic scatter), and model the in-
trinsic distribution of X-ray masses as a sum of Gaussians (see
Section 2.4). We used the mean X-ray mass as the pivot point for
the power-law. A power law index of � = 1 indicates no mass de-
pendence and reduces to the original ratio model. Figure 4 shows
the inferred power-law. The statistical 68% confidence interval for
the power law index, with all other variables marginalized over, is
� = 0.78+0.17

�0.14. The power law index � is less than unity at less than
2� significance. We therefore find no statistical evidence for a trend
with mass. 7

7 It is an interesting to note that when we consider the “relaxed WtG” plus
the marginal cluster samples, the power law index � is measured to be � =
0.69±0.13, which is less than unity at more than 2� significance. However,
it is hard to interpret this measurement without a more robustly defined
sample.

We next check for an explicit redshift dependence in the lens-
ing to X-ray ratio. We extended the ratio model from Section 3 to
include a term linear in cluster redshift, such that ln ML

2500/M
X
2500 =

↵ + �z, using the mean redshift as the pivot point in the fit. We
measured a best fit slope of �0.80+0.76

�0.69, i.e. a decreasing mass ra-
tio towards higher redshifts. However, the results are statistically
consistent with a constant value at approximately 1�.

5 AVERAGE CONCENTRATION OF MASSIVE,
RELAXED CLUSTERS

The mass–concentration relation for massive halos influences
the measured lensing to X-ray mass ratio (as discussed in Sec-
tion 4.3.2). It also reflects the formation history of halos and carries
some weak information on cosmology (Ludlow et al. 2013; Wech-
sler et al. 2002). By design, the WtG mass measurements are mini-
mally sensitive to assumptions about the cluster concentration (Sec-
tion 4.3.2) However, some partial sensitivity is still present, which
we use here to measure the average concentration of the massive,
relaxed clusters in our sample.

As opposed to the rest of this study, for this exercise we jointly
fit the concentration of six clusters with P (z) measurements. We
limit ourselves to the P (z) clusters to avoid systematic uncertain-
ties from the “contamination correction” required in the color cut
analysis (see Applegate et al. 2014). The contamination correction
alters the slope of the shear profile, and is therefore degenerate with
the measured concentration. We also remove the prior on concen-
tration from Section 2.3.

Since we designed our measurements to be insensitive to con-
centration, we do not expect to measure the concentration of indi-
vidual clusters with any useful precision. In addition, we expect ad-
ditional noise from triaxiality and large-scale structure (Bahé et al.
2012). We therefore simultaneously model the population of clus-
ters to measure an average concentration. We assume that the con-
centrations of clusters will have a log-normal scatter around the
average concentration. Specifically, our model consists of a mass
(M(< 1.5Mpc)) and concentration for each cluster, the mean of
the log-normal distribution of concentrations, µc, and the scatter in
concentration measurements, �c. We assume flat priors on µc and
�c, and restrict �c to the range [0.286, 0.318], based on the largest
mass bin reported in the simulation results of Bahé et al. (2012).

We measure the average concentration to be µc = 3.0+4.4
�1.8.

While hardly discriminatory, this fit is consistent with our adopted
prior on the concentration (µc = 4.6) for measuring individual
masses of clusters in previous sections.

Other groups have shown that WL observations can in prin-
ciple achieve up to 10% precision on average concentration mea-
surements for an ensemble of clusters (Okabe et al. 2013). How-
ever, this precision requires fitting NFW halo models to small radii
(typically ⇠ 150kpc). At these radii, the measured shear from these
massive clusters exceeds g ⇠ 0.1, and often exceeds g ⇠ 0.3 (see
example shear profiles in von der Linden et al. 2014a), while shear
measurement codes have only been rigorously calibrated to shears
of g ⇠ 0.05 (Bridle et al. 2010; Kitching et al. 2010; Massey et al.
2007). Extending the shear calibration to this regime is an ongoing
e↵ort (LSST Dark Energy Science Collaboration 2012).

MNRAS 000, 1–13 (2015)
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X-ray vs. weak lensing masses of galaxy clusters

X-rays: total masses potentially biased due to non-thermal support. 
Weak lensing: individual masses may be biased due to line-of-sight substructure, but 

average over a sample of systems should be unbiased(!) 
Potentially very powerful tool to determine how far from hydrostatic equilibrium the X-ray 

plasma is! 



Galaxy clusters as “standard buckets”

Galaxy clusters are large enough to assume that they enclose a 
representative volume of Universe. The ratio of baryonic mass to total 
mass in clusters (fb) should match the universal ratio.

Constraining Ω
M
 

Galaxy clusters are largest objects for which masses 
determined
 large enough to assume enclose representative volume 

of Universe

This means ratio of baryonic mass to total mass in cluster 
(f

b
) should match universal ratio:

Thus can attempt to measure f
b
 and use Ω

b
 to determine 

Ω
M

Most modern tests use the fact that the measurement of fb depends on 
the distance to the cluster (DA or DL), so assuming that fb should stay 
the same (“standard bucket”), we can compute DA vs. redshift, which is 
sensitive to cosmological parameters.



Galaxy clusters as “standard buckets”

the hot ICM dominates the baryon budget; beyond the 
immediate vicinity of the central galaxy, we expect fgas ~ 0.9*fb

Distance Dependance of f
b

 Measure M
stars

 from optical and M
gas

 from X-ray

 Dominated by M
gas

 – measured value depends on d

Consider spherical region of cluster, angular radius θ
 Physical (proper) radius of region is

where d
A
 is angular diameter distance. 

 The proper volume of the region is just

Consider a region corresponding to the opening angle θ.  
By definition of the angular diameter distance, this region has 
a physical radius, corresponding volume, and thus gas mass: 
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Now M
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 is given by

so

and recall that gas density is related to the X-ray luminosity

and we can relate L to the observed flux F:

where d
L
 is the luminosity distance to the cluster

The gas density is obtained from the X-ray luminosity L, which is related to the measured 
X-ray flux F via the luminosity distance:

Distance Dependance of f
b

Now M
gas

 is given by

so

and recall that gas density is related to the X-ray luminosity

and we can relate L to the observed flux F:

where d
L
 is the luminosity distance to the cluster
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so

and recall that gas density is related to the X-ray luminosity

and we can relate L to the observed flux F:

where d
L
 is the luminosity distance to the clusterSo the gas density and gas mass depend on DA and DL  
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Rearrange for ρ in terms of observables F and θ

and finally
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For a cluster with observed F within angular radius θ

Can also show that if total mass is determined from X-ray 
hydrostatic analysis

so the estimated value of the baryon fraction depends on 
distance as

Allen et al., (2008), MNRAS, 383

If total mass is determined from X-ray hydrostatic analysis

v2(R) = GM(R)/R
v2lum(R) = GMlum(R)/R
Mdark(R) =

R
Gv2(R)�Mlum(R)

cs =
q

kBT
µmp

⇠ 1000 km/s

tsc ⇡ 2RA
cs

⇠ 7⇥ 10

8
yr

rP = �⇢gasr�

1
⇢gas

dP
dr = �d�

dr = �GM(r)
r2

2

then so

Distance Dependance of f
b

For a cluster with observed F within angular radius θ

Can also show that if total mass is determined from X-ray 
hydrostatic analysis

so the estimated value of the baryon fraction depends on 
distance as

Allen et al., (2008), MNRAS, 383
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Figure 9: Examples of cluster data used in recent cosmological work. Top: Measured mass functions of
clusters at low and high redshifts are compared with predictions of a flat, ΛCDM model and an open model
without dark energy (from Vikhlinin et al. 2009b). Bottom: fgas(z) measurements for relaxed clusters are
compared for a Ωm = 0.3, ΩΛ = 0.7, h = 0.7 model (left, consistent with the expectation of no evolution) and
a Ωm = 1.0, ΩΛ = 0.0, h = 0.5 model (right; from Allen et al. 2008). For purposes of illustration, cosmology-
dependent derived quantities are shown (mass and fgas); in practice, model predictions are compared with
cosmology-independent measurements.

cosmological models. In particular, an open universe with no dark energy clearly under-predicts the evolution
of the mass function over the redshift range of the data.

The optically selected maxBCG sample (Koester et al. 2007) employed by Rozo et al. (2010) probes a
different part of the cluster population; it is restricted to lower redshifts than the X-ray samples described
above (0.1 < z < 0.3), but extends to lower masses (M500 > 7 × 1013 M⊙). This lower effective mass limit,
which changes less strongly with redshift compared to X-ray surveys, makes the maxBCG sample significantly
larger than the others, with > 104 clusters divided into 9 bins based on optical richness. Mean masses for 5
richness ranges were estimated through a weak gravitational lensing analysis of stacked clusters, providing
information from which to constrain the richness–mass relation. The cosmological analysis accounts for the
covariance between cluster counts in each richness bin and the mean lensing mass estimates.

The results obtained by these three groups on flat ΛCDM and constant w models are summarized in
Table 2. Note that, for the two works which fit w models, the results on Ωm and σ8 are dominated by the
low-redshift data and so are not degraded noticeably by the introduction of w as a free parameter; thus all
three sets of constraints are directly comparable. The agreement between the different works, as well as
others listed in Table 2, is encouraging; in particular, the close agreement in the constraints on σ8 reflects
the relatively recent convergence in cluster mass estimates using different techniques, and our improved
understanding of the relevant systematics (Section 3.3; see also, e.g., Henry et al. 2009). Importantly, the
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Galaxy clusters as “standard buckets”

Allen et al. 2008

Ωm=0.3, ΩΛ=0.7,  
H0=70 km/s/Mpc

Ωm=1, ΩΛ=0,  
H0=50 km/s/Mpc
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Figure 15: Left: Joint 68.3% and 95.4% confidence regions on ΛCDM models with curvature from cluster
fgas data at z < 1.1, compared with those from CMB data (Spergel et al. 2007) and SNIa (Davis et al.
2007). Inner, gold contours show results from the combination of these data. Right: fgas values as a function
of ICM temperature. The measurements are consistent with a constant value over the temperature range
explored (5 keV < kTX < 15 keV). From Allen et al. (2008).

constant fgas with mass is realized. At lower temperature and mass (extending to the group scale), a trend
of increasing fgas with temperature and mass is observed (e.g. Sun et al. 2009).

Ettori et al. (2009) have also applied X-ray data to the fgas test, using Chandra measurements at r500 for
52 clusters in the redshift range 0.3 < z < 1.3, adopting similar priors on h and Ωbh2 and marginalizing over
a prior on Υ (assumed constant with redshift). However, their data set was not restricted to dynamically
relaxed systems, resulting in significantly weaker constraints (Table 2).

LaRoque et al. (2006) employed Chandra X-ray and OVRO/BIMA SZ observations of 38 clusters in
the redshift range 0.14 < z < 0.89 (with no restriction dynamically relaxed systems), finding fgas values
consistent with previous X-ray work. (Their analysis did not take advantage of the relative normalization
of the X-ray and SZ signals to simultaneously provide a second distance constraint; see Section 4.3.) They
adopted the simpler approach of assuming constant fgas and marginalizing over its value, incorporating a
WMAP prior on the total density, Ωm +ΩΛ. Although this explicitly ignores the information available from
the normalization of fgas(z), their results clearly disfavor a dark matter dominated universe, preferring a
low-density universe with dark energy (Table 2).

4.3 XSZ Distances

The different dependence on distance of the gas density inferred from X-ray and SZ observations of clusters
can be exploited in a conceptually similar way to fgas data (Section 2.2.3). The most recent contribution is
that of Bonamente et al. (2006), who measured distances to 38 clusters at redshifts 0.14 < z < 0.89. This
cosmological test is intrinsically less sensitive to distance than the fgas test, with the signal proportional only
to dA(z)1/2 (Equation 11), and currently can constrain only one free parameter. Assuming spatial flatness
and fixing Ωm = 0.3, Bonamente et al. (2006) obtained a constraint on the Hubble parameter, h = 0.77+0.11

−0.09,
consistent with results from other data such as the Hubble Key Project (Freedman et al. 2001) or the
combination of fgas and CMB data (Allen et al. 2008). We note that other works using the same method
have typically found somewhat lower best fitting values (h = 0.6–0.7; e.g. Grainge et al. 2002; Schmidt,
Allen & Fabian 2004), but these discrepancies are not significant given the systematic uncertainties.

4.4 High-Multipole CMB Power Spectrum

The CMB temperature power spectrum at multipoles ℓ >
∼ 1000 encodes the thermal SZ signature of unresolved

clusters at all masses and redshifts (Section 2.2.4). Although the primary CMB power decreases rapidly at
these scales, extracting this cosmological information from the tSZ spectrum has proved challenging due to
uncertainties in, e.g., the relevant observable–mass scaling relation at low masses and high redshifts; the
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Standard ruler + 
standard candle + 
standard bucket 

cosmology 



The influence of cosmological parameters on the growth of structure 

The VIRGO Collaboration 1996

Ωm=0.3,  
ΩΛ=0.7 

Ωm=1,  
ΩΛ=0 

Ωm=0.3,  
ΩΛ=0 

model parameters 
chosen such that 
structure at z=0 is 

similar between the 
simulations
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Figure 4. Predicted evolution of the cluster mass function. The
comoving number density of clusters per (h−1Mpc)3 with masses
larger than M is shown as a function of M . Solid lines correspond
to Ω = 1; dotted lines to an open model with Ω0 = 0.3; and
the dashed lines to a flat model with Ω0 = 0.3 and Λ0 = 0.7.
Predictions for z = 0, z = 0.33 and z = 0.5 are plotted. There
is relatively little evolution in the Ω0 < 1 cosmologies but, in an
Ω0 = 1 model, the abundance of clusters declines precipitously
with redshift.

tion of the virial density ∆cΩ0/Ω(z), which determines the
relation (2.2) between mass and temperature.

5.1 Evolution of the cluster mass function

The growth of fluctuations continues at a rapid rate at re-
cent times if Ω0 = 1 and very little if Ω0 = 0.3. As a result,
the rich cluster mass function evolves dramatically between
z = 0.5 and z = 0 if Ω0 = 1, but much less so if Ω0 is low,
whether or not the cosmological constant is zero. This evolu-
tion is illustrated in Fig 4. For Ω0 = 1, the comoving number
density of clusters of virial mass M = 3.5×1014h−1M⊙, typ-
ical of Abell clusters of richness class R ≥ 1, declines by a
factor of 30 between z = 0 and z = 0.33 and, by z = 0.5, it
is tiny. By contrast, for Ω0 = 0.3, Λ0 = 0.7, the abundance
of clusters of this mass has only dropped by a factor of ∼ 7
below the present day abundance even at z = 0.5; if Λ0 = 0
the decline is even slower.

The strong Ω0-dependence of the rate at which the mass
function evolves is reflected in the expected redshift distribu-
tions of massive clusters (M > 3.5×1014h−1M⊙), illustrated
in the top panel of Fig 5. For Ω0 = 1 the distribution peaks
sharply at very low redshift, whereas for low Ω0 a broader
peak is displaced to higher redshift. The effect of Λ0 is to
move the peak back to a somewhat lower redshift, reflecting
the slightly later epoch at which structure ceases to grow in
non-zero Λ0 cosmologies.

Figure 5. Upper panel: Redshift distribution of massive clusters
(M > 3.5 × 1014h−1M⊙) in different cosmological models. The
ordinate gives the probability distribution of clusters per unit
redshift interval. Lower panel: Number counts of clusters with
mass M > 3.5×1014h−1M⊙ out to a given redshift. The ordinate
gives the count per unit area on the sky. In both panels solid lines
correspond to Ω0 = 1, dotted lines to Ω0 = 0.3 and dashed lines
to Ω0 = 0.3,Λ0 = 0.7. The models are normalised by the value
of σ8 for which the predicted temperature function at z = 0 best
fits the data. The low-Ω0 cosmologies produce significantly more
clusters at high redshifts than the Ω0 = 1 model.

Integrating over the redshift distributions yields the
number count of clusters per unit area on the sky. The
change in the volume element corresponding to a fixed red-
shift interval enhances the differences between the high and
low-Ω models. At redshift z = 0.33, the volumes per unit
redshift are in the ratios 1 : 1.23 : 1.7 for Ω0 = 1, Ω0 = 0.3,
Λ0 = 0 and Ω0 = 0.3, Λ0 = 0.7 respectively. At z = 0.5
the corresponding ratios increase to 1 : 1.35 : 2.02. Thus, for
Ω0 = 1, we expect to find only 0.015 clusters per square
degree with mass greater than 3.5 × 1014h−1M⊙ out to
z = 0.5 and virtually none at higher redshifts. By contrast,
for Ω0 = 0.3, we expect to find more than 10 times as many

c⃝ 0000 RAS, MNRAS 000, 000–000

Eke et al. 1996

Even if we only perform a 
measurement at z=0, but over a 

broad mass range, we can 
easily distinguish between 

Ωm=1 or 0.3.  
!

Dark energy constraints are 
somewhat more difficult, and 

require measuring this function 
at several redshifts.

Number of haloes with mass larger than M for different cosmologies.



Scaling relations for clusters of galaxies
Idea: cluster masses can be measured only for a smaller number of systems for which we 
have deep data. What quantities that are easier to measure for a large number of systems 

correlate the best with the mass?
10 A. B. Mantz et al.
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Figure 5. Scaling relations of galaxy cluster total mass (from weak lensing), gas mass, X-ray luminosity, temperature, and YX = MgaskT .
The values shown are computed within r500 for an h = 0.7, ⌦m = 0.3 flat ⇤CDM cosmology, and assume fgas(r500 = 0.125) (the best
fit in this cosmology) in order to determine r500. Blue symbols indicate clusters that are classified as relaxed based on their X-ray
morphologies. Green lines and shading show the scaling relations fit to the galaxy cluster data for the cosmology above (marginalizing
over parameters other than h and ⌦m) and their 68.3 per cent predictive intervals, including intrinsic scatter. Here, we plot all clusters
with lensing masses determined in Paper III; those that are in the X-ray flux-limited samples used to fit the scaling relations are circled.

luminosity and temperature at fixed mass is constrained
from our analysis to be 0.56 ± 0.10. This positive value
is in marginal (2�) tension with recent measurements from
dynamically relaxed clusters (Maughan 2014; Mantz et al.
2016) as well as our own analysis using less extensive X-
ray follow-up data and an older calibration from Paper IV.
The astrophysical implications of this measurement will be
discussed in Section 5.2.

The temperature–luminosity scaling relation can be ob-
tained by integrating over the mass function, although we
obtain essentially identical results by simply algebraically
combining the luminosity–mass and temperature–mass re-
lations. For the h = 0.7, ⌦m = 0.3 cosmology, the cluster
data yield

ht|`i = (1.39± 0.06) + (0.47± 0.03) `, (13)

with an intrinsic scatter of 0.20± 0.02.
Beyond the scaling relations of luminosity and temper-

ature, our analysis also constrains the normalization and
slope of the Mgas–M relation. Our constraint on the normal-
ization is equivalent to a gas mass fraction of fgas(r500) =
0.125 ± 0.005 (Table 3), consistent with our measurements
using hydrostatic mass estimates for relaxed clusters (Mantz

et al. 2016). The implied gas depletion factor of ⌥gas(r <
r500) = 0.80 ± 0.08 (from our h = 0.7, ⌦m = 0.3 analysis)
is higher than but in reasonable agreement with the values
of ⇠ 0.70–0.73 (independent of redshift) predicted from re-
cent hydrodynamic simulations including radiative cooling,
star formation and AGN feedback (Battaglia et al. 2013;
Planelles et al. 2013). We also obtain a tight constraint on
the slope of the Mgas–M relation, 1.007 ± 0.012, consistent
with a constant gas-mass fraction.

The temperature and gas mass scaling relations jointly
imply a scaling relation for YX = MgaskT , an alternative
mass proxy that has been used extensively in recent years
(e.g., Maughan 2007; Vikhlinin et al. 2009; Menanteau et al.
2012; Benson et al. 2013). Defining

y
x

= ln

✓
Mgas,500 kT500

1015 M� keV

◆
, (14)

the nominal scaling relation is

hy
x

i =
�
�0,mgas + �0,t

�
+ �1,t "+

�
�1,mgas + �1,t

�
m. (15)

Given how closely constrained �1,mgas is to unity, this can
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ting code used elsewhere in this work; instead, we fit the scal-
ing relations employing simpler Bayesian regression methods
(Kelly 2007; Mantz 2016), and using quantities derived for
a fixed flat ⇤CDM (h = 0.7, ⌦m = 0.3) cosmology. Conse-
quently, selection e↵ects induced by our X-ray flux-limited
sample, or the availability of external � and Y measure-
ments, are not accounted for. While we expect the selec-
tion e↵ects to have a minor impact on scaling relations that
do not involve X-ray luminosity, our results in this section
should be interpreted with this in mind.

6.1 redMaPPer richness

In Figure 9, we plot redMaPPer richness against our gas
mass and lensing mass measurements. Fitting the former
scaling relation, we find

� = e4.69±0.05


Mgas,500

1014 M�

�0.75±0.12

, (17)

with a log-normal intrinsic scatter of 0.35± 0.04. Using our
Mgas–M relation to interpret this in terms of total mass,
the constraints on the slope and normalization are in excel-
lent agreement with recent results from Simet et al. (2016,
dashed line in the figure16), who used stacked weak lensing
for SDSS clusters with 20 6 � 6 140 to constrain the �–
M relation. We note, however, that the intrinsic scatter in
richness from our analysis is somewhat greater than the ini-
tial estimates of 0.2–0.3 by Ryko↵ et al. (2014), which were
incorporated into the Simet et al. (2016) analysis as a prior
(but see below).

While there are only 6 relaxed clusters in the compari-
son sample in the top panel of Figure 9, we can tentatively
identify a tendency for relaxed clusters to have relatively
low � for their masses. As the relaxed subsample contains
undisturbed clusters with strong cool cores (by construc-
tion) and consequently relatively high central-galaxy (CG)
star formation rates (e.g. Ra↵erty et al. 2008), the di�-
culty of correctly identifying star-forming CG’s using red-
sequence methods plausibly contributes to this trend. The
bottom panel of Figure 9 reinforces this impression, show-
ing a trend in the ln(�) residuals from the best-fitting rela-
tion with the sharpness of the X-ray surface brightness peak
(from M15). Triangles in the figure identify clusters where
the redMaPPer-assigned CG di↵ers from the CG chosen by
eye by M15 by > 50 kpc. While mis-centering at this level
occurs throughout the sample, it is most prevalent among
the X-ray peakiest clusters; the rate of mis-centering is al-
most 3⇥ greater for clusters with peakiness > �0.82 than
for less peaky clusters. The clear outlier that is not mis-
centered is Abell 963, a case where the redMaPPer richness
is known to be strongly a↵ected by photometric errors (E.
Rozo, private communication).

16 The Simet et al. (2016) scaling relation is given in terms of
an overdensity of 200 with respect to the mean matter density of
the Universe, as opposed to our convention of 500 with respect
to the critical density. We have re-normalized their results using
a conversion factor based on the Navarro, Frenk, & White (1997)
mass profile, with an appropriate concentration parameter for the
SDSS redMaPPer sample, as given by Ryko↵ et al. (2012).

Mgas  (1014
 M )

λ

0.2 0.5 1.0 2.0 5.0

2
0

5
0

1
0
0

2
0
0

λ

M
W

L
  
(1

0
1

4
 M

)

20 50 100 200

1
2

5
1
0

2
0

−1.5 −1.0 −0.5

−
1
.5

−
1
.0

−
0
.5

0
.0

0
.5

1
.0

peakiness

ln
(λ

) 
 r

e
si

d
u

a
l

Figure 9. Top and center: scaling relations of our X-ray and
weak lensing cluster measurements with redMaPPer optical rich-
ness (Ryko↵ et al. 2014; Rozo et al. 2015). Points and green
lines/shading are as in Figures 4 and 5. The purple, dashed lines
show the �–mass relation determined by Simet et al. (2016) us-
ing stacked weak lensing of SDSS redMaPPer clusters. Our fits
as shown use all of the clusters plotted; when mis-centered and
otherwise problematic clusters are excluded (see below) the nor-
malization of our scaling relation is in agreement with that of
Simet et al. (2016) at the few per cent level. Bottom: log-residuals
from the mean �–Mgas relation are plotted against X-ray surface
brightness peakiness from M15. The vertical, dashed line corre-
sponds to the threshold peakiness for a cluster to be considered
relaxed in that work. Triangles indicate clusters where redMaPPer
chooses an incorrect CG (see text). The remaining large outlier
is Abell 963, a known case where photometric errors significantly
bias the richness measurement.
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If we discount the mis-centered clusters and Abell 963,
there is little evidence for any remaining trend in the �–Mgas

residuals with X-ray peakiness. Fitting the scaling relation
to this more restricted data set, we find

� = e4.80±0.05


Mgas,500

1014 M�

�0.73±0.11

, (18)

with a log-normal scatter of 0.27± 0.04. In addition to hav-
ing a smaller scatter than the previous scaling relation, the
normalization of this new fit is in excellent agreement with
that of Simet et al. (2016); at M = 1015 M�, the mean �
values predicted by the two relations di↵er by 3 per cent.
We note that Farahi et al. (2016) also find a scaling relation
compatible with that of Simet et al. (2016) using stacked
velocity dispersions to estimate mass.

6.2 Planck Compton Y

The Planck Collaboration (2016a) fits a generalized NFW
pressure model to each cluster they detect via the SZ ef-
fect, varying only the scale radius and spherically integrated
Compton Y within 5 r500. Given the fixed shape of the pres-
sure model, these quantities are deterministically related to
r500 and Y (r500), respectively. We importance sample the
Planck fits (specifically from the MMF3 catalog17), using
our constraints on r500, to arrive at a constraint on Y500 for
each cluster in common. These values are plotted against
our Mgas, Mlens and YX measurements in Figure 10.

Fitting the Planck Compton Y measurements against
gas mass, we obtain the scaling relation

E(z)Y500 dA(z)
2

10�4 Mpc2
= e�0.299±0.018


E(z)Mgas,500

1014 M�

�1.31±0.03

, (19)

with a log-normal intrinsic scatter of 0.117± 0.018,18 where
dA(z) is the angular diameter distance. Considered in light
of our nearly linear Mgas–M relation, this slope is in signif-
icant tension with the scaling of Y d2A / M1.79

Pl assumed by
the Planck Collaboration (2014b, 2016b) in their cosmolog-
ical analysis. Evidence of a mass-dependent o↵set between
weak lensing masses and masses estimated from Planck Y
measurements and their assumed scaling relation has pre-
viously been noted (von der Linden et al. 2014b; Hoek-
stra et al. 2015). Our results here are consistent, implying

MPl / M0.730±0.019, compared with MPl / M
0.68+0.15

�0.11 from
the direct comparison of WtG and Planck masses (von der
Linden et al. 2014b).19 In addition to improving the pre-
cision of this measurement, the larger comparison sample
employed here, compared with that of von der Linden et al.
(2014b), allows us to disentangle trends with mass from po-
tentially competing trends with redshift. Fitting the data to

17
http://irsa.ipac.caltech.edu/data/Planck/release_2/

catalogs/

18 Note that the intrinsic covariance of Y and Mgas at fixed mass
is expected to be positive (e.g. Stanek et al. 2010), in which case
the marginal intrinsic scatter in Y will be larger than this value.
19 However, we note one di↵erence in these two results: in this
work we extract masses and Compton Y measurements using a
consistent value of r500, whereas the comparison of weak lensing
and Planck-derived masses allowed each measurement to corre-
spond to a di↵erent radius.
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Figure 10. Scaling relations of our X-ray and weak lensing clus-
ter measurements with spherically integrated Compton Y from
the Planck Collaboration (2016a). Points and green lines/shading
are as in Figures 4 and 5. The purple, dashed lines show the Y –
mass relation assumed in the Planck cluster cosmological analysis
(Planck Collaboration 2014b, 2016b). Note that the green shad-
ing in the bottom panel is based on a fit to the Y –Mgas data
in conjunction with the Mgas–M relation, not a direct fit to the
Y –Mlens data.
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X-ray observables
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All values plotted were computed within r500c.  
We denote E(z)=H(t)/H0, such that ρcr(z)=E(z)2ρcr,0
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F��. 2.— Illustration of sensitivity of the cluster mass function to the cosmological model. In the le� panel, we show the measured mass function and predicted
models (with only the overall normalization at z = 0 adjusted) computed for a cosmologywhich is close to our best-�tmodel.�e low-zmass function is reproduced
from Fig. 1, which for the high-z cluster we show only the most distant subsample (z > 0.55) to better illustrate the e�ects. In the right panel, both the data and the
models are computed for a cosmology with ΩΛ = 0. Both the model and the data at high redshi�s are changed relative to the ΩΛ = 0.75 case. �e measured mass
function is changed because it is derived for a di�erent distance-redshi� relation. �e model is changed because the predicted growth of structure and overdensity
thresholds corresponding to ∆crit = 500 are di�erent. When the overall model normalization is adjusted to the low-zmass function, the predicted number density
of z > 0.55 clusters is in strong disagreement with the data, and therefore this combination of ΩM and ΩΛ can be rejected.

of interest in our study; at this level, the theoretical uncertain-
ties in the mass function do not contribute signi�cantly to the
systematic error budget. Although the formula has been cali-
brated using dissipationless N-body simulations (i.e. without
e�ects of baryons), the expected e�ect of the internal redistri-
bution of mass during baryon dissipation on halo mass func-
tion are expected to be < 5% (Rudd et al. 2008) for a realistic
fraction of baryons that condenses to form galaxies.
Similarly to Jenkins et al. (2001) andWarren et al. (2006), the

Tinker et al. formulas for the halo mass function are presented
as a function of variance of the density �eld on amass scaleM.
�e variance, in turn, depends on the linear power spectrumof
the cosmologicalmodel, P(k), whichwe calculate as a product
of the initial power law spectrum, kn , and the transfer func-
tion for the given mixture of CDM and baryons, computed
using the analytic approximations of Eisenstein & Hu (1999).
�is analytic approximation is accurate to better than 2% for
a wide range of cosmologies, including cosmologies with non-
negligible neutrino contributions to the total matter density.
Our default analysis assumes that neutrinos have a negligi-

bly small mass. �e only component of our analysis that could
be a�ected by this assumption is when we contrast the low-
redshi� value of σ8 derived from clusters with the CMB power
spectrum normalization. �is comparison uses evolution of
purely CDM+baryons power spectra. �e presence of light
neutrinos a�ects the power spectrum at cluster scales; in terms
of σ8, the e�ect is roughly proportional to the total neutrino
density, and is ≈ 20% for ∑mν = 0.5 eV (we calculate the ef-
fect of neutrinos using the transfer function model of Eisen-
stein & Hu 1999). Stringent upper limits on the neutrino mass
were reported from comparison of theWMAP and Ly-α forest
data,∑mν < 0.17 eV at 95%CL (Seljak et al. 2006). If neutrino
masses are indeed this low, they would have no e�ect on our
analysis. However, possible issues with modeling of the Ly-α
data have been noted in the literature (see, e.g., discussion in

§ 4.2.8 of Dunkley et al. 2008) and so we experiment also with
neutrino masses outside the Ly-α forest bounds (§ 8.5).

4. FITTING PROCEDURE
We obtain parameter constraints using the likelihood func-

tion computed on a full grid of cosmological parameters a�ect-
ing cluster observables (and also those for external datasets).
�e relevant parameters for the cluster data are those that a�ect
the distance-redshi� relation, as well as the growth and power
spectrumof linear density perturbations: ΩM,ΩΛ ,w (dark en-
ergy equation of state parameter), σ8 (linear amplitude of den-
sity perturbations at the 8 h−1 Mpc scale at z = 0), h, tilt of the
primordial �uctuations power spectrum, and potentially, the
non-zero rest mass of light neutrinos. �is is computationally
demanding and we describe our approach below.
�e computation of the likelihood function for a single com-

bination of parameters is relatively straightforward. Our pro-
cedure (described in Paper II) uses the full information con-
tained in the dataset, without any binning in mass or redshi�,
takes into account the scatter in the Mtot vs. proxy relations
and measurement errors, and so on. We should note, how-
ever, that since the measurement of the Mgas and YX proxies
depends on the assumed distance to the cluster, themass func-
tions must be re-derived for each new combination of the cos-
mological parameters that a�ect the distance-redshi� relation
— ΩM, w, ΩΛ , etc. Variations of h lead to trivial rescalings of
the mass function and do not require re-computing the mass
estimates. Computation of the survey volume uses a model for
the evolving LX −Mtot relation (see § 5 in Paper II), which is
measured internally from the data and thus also depends on
the assumed d(z) function. �erefore, we re�t the LX −Mtot
relation for each new cosmology and recompute V(M). Sen-
sitivity of the derived mass function to the background cos-
mology is illustrated in Fig. 2. �e entire procedure, although
equivalent to full reanalysis of the Chandra and ROSAT data,

Vikhlinin et al. 2009
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F��. 5.— Constraints for non-�at ΛCDM cosmology from evolution of
the cluster mass function. �e results using only the evolution information
(change in the number density of clusters between z = 0 and z ≈ 0.55) are
shown in blue and green from the Mgas and TX -based total mass estimates.
�e degeneracies in these cases are di�erent because these proxies result in
very di�erent distance-dependence of the estimated masses (see text for de-
tails). �e constraints from the YX -based mass function are between those
for Mgas and TX (Fig. 6). Adding the shape of the mass function information
breaks degeneracies with ΩM, signi�cantly improving constraints from Mgas
and YX with little e�ect on the TX results.

independent measurement of ΩM with almost no degeneracy
with ΩΛ : ΩM = 0.34 ± 0.08, in good agreement with the mass
function shape results (and also previousmeasurements based
on evolution of the cluster temperature function, see Henry
2004). In a �at ΛCDMmodel (the one withΩM+ΩΛ = 1), the
constraint is slightly tighter, ΩM = 0.30 ± 0.05.
Systematic uncertainties of theΩΛ measurements are domi-

nated by possible departures of evolution in theMtot vs. proxy
relations. �is issue is discussed in detail below in connec-
tion with the dark energy equation of state constraint (§ 8.4);
here we note only that the systematic uncertainties are approx-
imately 50% of the purely statistical errorbars on the dark en-
ergy parameters (ΩΛ , w). �erefore, our cluster data provide
a clear independent con�rmation for non-zero ΩΛ .

Comments on the role of geometric information in the cluster mass
function test— Cosmological constraints based on �tting the
cluster mass function generally use not only information from
growth of structure but also that from the distance-redshi� re-
lation because derivation of the high-z mass functions from
the data assumes the d(z) and E(z) functions. Quite gener-
ally, the estimated mass is a power law function of these de-
pendencies, M̃ ∝ d(z)β E(z)−ε . Di�erent mass proxies have
di�erent β and ε, and thus combine the geometric and growth
of structure information in di�erent ways and lead to di�er-
ent degeneracies in the derived cosmological parameters. We
�nd that strongly distance-dependent proxies (such as Mgas,
see Paper II) are intrinsically more powerful in constraining
the dark energy parameters (ΩΛ , w). By contrast, distance-
independent proxies such as TX result in poor sensitivity to
dark energy but instead better constrainΩM. �is is well illus-
trated by the results in Fig. 5.�eMgas based estimates forMtot
result (if we ignore the shape of themass function information)
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F��. 6.— Same as Fig. 5 but for YX -based mass estimates.

in degeneracy approximately along the line ΩM + ΩΛ = 1. In
fact, the evolution of the cluster mass functions derived from
Mgas can be made broadly consistent with theΩM ≈ 1,ΩΛ ≈ 0
cosmology if one allows for strong deviations from the CDM-
type initial power spectra (Nuza & Blanchard 2006). How-
ever, the mass functions estimated from the temperatures of
the same clusters are grossly inconsistent with such a cosmol-
ogy, irrespective of the assumptions on the initial power spec-
trum (ΩM = 1 is 8.3σ away from the best�t to the temperature-
based mass function, Fig. 5). It is encouraging that the 68%
CL regions for all three mass proxies overlap near the “concor-
dance” point at ΩM = 0.25 − 0.3 and ΩΛ = 0.7 − 0.75.
8. FLAT UNIVERSEWITH CONSTANT DARK ENERGY

EQUATION OF STATE: w0 −ΩX

Next, we study constraints on a constant dark energy equa-
tion of state,w0 ≡ pX�ρX , in a spatially �at universe. �e anal-
ysis using cluster data only is equivalent to the ΩM −ΩΛ case
(§ 7). We compute the likelihood for the cluster mass func-
tions on a grid of parameters: present dark energy density ΩX
(= 1−ΩM),w0, h, and σ8, then add the HST prior on the Hub-
ble constant (§ 4). Marginalization over non-essential parame-
ters, h and σ8, gives the likelihood as a function ofΩM andw0.
We also obtain the equation of state constraints combining our
cluster data with the three external cosmological data sets (fol-
lowing the reasoning of Dunkley et al. 2008, for the choice of
these datasets):

8.1. External Cosmological Datasets
SN Ia— We use the distancemoduli estimated for the Type Ia
supernovae from the HST sample of Riess et al. (2007), SNLS
survey (Astier et al. 2006), and ESSENCE survey (Wood-Vasey
et al. 2007), combined with the nearby supernova sample (we
used a combination of all these samples compiled by Davis
et al. 2007). Calculation of the SN Ia component of the like-
lihood function for the given cosmological model is standard
and can be found in any of the above references.
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Fig. 6.— The shear pattern on a 1◦ field for Einstein-de Sitter (upper panel) and open
(lower panel) models, corresponding to the magnification patterns of figure 5. The open

model produces a shear pattern dominated more strongly by clusters and groups of galaxies.
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Jain et al. 2000



Other cosmological probes:

- most massive cluster tests: in principle, the confirmed existence of even a single 
galaxy cluster of implausibly high mass would challenge the standard CDM model 

with Gaussian initial conditions 
!

- XSZ distances:  different dependence on distance of the gas density inferred from X-
ray and SZ observations of clusters can be exploited in a conceptually similar way to 

fgas data (but dependence is weaker, ~dA1/2). 
!

- Lyman-alpha forrest: Ly-a absorbers trace haloes with virial temperatures of 104K; the 
thermal pressures are thus low, so the baryons follow the dark matter distribution well. 

Two-point correlation function of Ly-a absorbers can be used to measure density 
fluctuation power spectrum. 

!
- CMB lensing: inhomogeneities in the Universe deflect the light from the CMB, and alter 

the power spectrum (like cosmic shear, but background light being lensed is now 
CMB instead of galaxies)
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Figure 4. Constraints on constant-w dark energy models with minimal neutrino mass from our cluster data (with standard priors on h
and ⌦bh2) are compared with results from CMB (WMAP, ACT and SPT), supernova and BAO (also including priors on h and ⌦bh2)
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Figure 5. Constraints on ⇤CDM models (including curvature)
with minimal neutrino mass from our cluster data (with stan-
dard priors on h and ⌦bh2) are compared with results from CMB
(WMAP, ACT and SPT), supernova and BAO (also including pri-
ors on h and ⌦bh2) data, and their combination. The priors on
h and ⌦bh2 are not included in the combined constraints. Dark
and light shading respectively indicate the 68.3 and 95.4 per cent
confidence regions, accounting for systematic uncertainties. The
dotted line denotes spatially flat models.

prefers spatial flatness, with 103⌦k = �3± 4 and 0± 4 from
the combinations using WMAP and Planck+WP data, re-
spectively.

Turning to models with an evolving equation of state,
we first consider the simplest case without spatial curvature.
With this assumption, the cluster data alone are able to con-
strain the w0 and wa parameters of the evolving dark energy
model (see Equation 1), even when atr is free (marginalized

over 0.5 < atr < 0.95). Individual constraints from cluster,
CMB, supernova and BAO data are shown in the left panel
of Figure 6, along with constraints from the combination of
data, when atr is fixed to 0.5. Regardless of which all-sky
CMB data set is used and whether or not atr is fixed, we
find consistency with the cosmological-constant model.

Table 2 also shows constraints for models including both
free curvature (⌦k) and an evolving equation of state. In
all cases, the cluster data, and the combinations of cluster
and other leading data sets, remain consistent with spatial
flatness and a cosmological constant (see the right panel of
Figure 6 for models including free curvature). Comparing
to M14, who use identical fgas, CMB, supernova and BAO
data but not cluster counts, we generally find improvement
in the constraints on w0, and less so for ⌦k and wa. In the
most general model we consider, the constraint on w0 shrinks
from �0.99 ± 0.34 to �0.97+0.40

�0.22 for the combination using
WMAP CMB data (from �0.75±0.34 to �0.71+0.24

�0.36 for the
combination using Planck+WP data).

4.4 Constraints on Modifications of Gravity

While dark energy (in the form of a cosmological constant)
has been a mainstay of the standard cosmological model
since the discovery that the expansion of the Universe is
accelerating, other explanations for acceleration are possi-
ble. In particular, various modifications to GR in the large-
scale/weak-field limit have been proposed (for recent reviews
see, e.g., Frieman et al. 2008; Clifton et al. 2012; Joyce et al.
2014). Being sensitive to the action of gravity in this regime,
the growth of cosmic structure has the potential to distin-
guish between dark energy and modified gravity theories
that predict identical expansion histories.

A simple and entirely phenomenological approach in-
volves modifying the growth rate of density perturbations
at late times, when the growth is approximately scale-

c� 2014 RAS, MNRAS 000, 1–22

“Cosmic harmony”

Ωb=0.0486+/-0.0010 
Ωm=0.3089+/-0.0062 
ΩΛ=0.6911+/-0.0062 

H0=67.74+/-0.46 km/s/Mpc 
age of Universe:

13.799+/-0.021 Gyr

Mantz et al. 2015 
(using both fgas and 

cluster number counts 
tests)
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Fig. 10. Comparison of constraints (68% confidence interval) on
�8(⌦m/0.27)0.3 from di↵erent experiments of large–scale structure
(LSS), clusters, and CMB. The solid line ACT point assumes the same
universal pressure profile as this work. Probes marked with an asterisk
have an original power of ⌦m di↵erent from 0.3. See text and Table 3
for more details.

for SZ and BAO and BBN with a prior on (1�b) distributed uni-
formly in [0.7, 1]. The figure thus demonstrates good agreement
amongst all cluster observations, whether in optical, X-rays, or
SZ. Table 3 compares the di↵erent data and assumptions of the
di↵erent cluster-related publications.

6.2. Consistency with the Planck y-map

In a companion paper (Planck Collaboration XXI 2014), we per-
formed an analysis of the SZ angular power spectrum derived
from the Planck y-map obtained with a dedicated component-
separation technique. For the first time, the power spectrum has
been measured at intermediate scales (50  `  1000). The same
modelling as in Sect. 2 and Taburet et al. (2009, 2010) has been
used to derive best-fit values of ⌦m and �8, assuming the uni-
versal pressure profile (Arnaud et al. 2010), a bias 1 � b = 0.8,
and the best-fit values for other cosmological parameters from
Planck Collaboration XVI (2014)6. The best model obtained,
shown in Fig. 7 as the dashed line, demonstrates the consistency
between the PSZ number counts and the signal observed in the
y-map.

6.3. Comparison with Planck primary CMB constraints

We now compare the PSZ cluster constraints to those from the
analysis of the primary CMB temperature anisotropies given in
Planck Collaboration XVI (2014) (see Footnote 6). In that anal-
ysis �8 is derived from the standard six ⇤CDM parameters.

The Planck primary CMB constraints, in the (⌦m,�8) plane,
di↵er significantly from our own, in particular through favouring
a higher value of �8, (see Fig. 11). For (1�b) = 0.8, this leads to

6 For Planck CMB we took the constraints from the Planck+WP case,
Col. 6 of Table 2 of Planck Collaboration XVI (2014). The baseline
model includes massive neutrinos with

P
m⌫ = 0.06 eV.

Fig. 11. 2D ⌦m–�8 likelihood contours for the analysis with Planck
CMB only (red); Planck SZ and BAO and BBN (blue) with (1 � b)
in [0.7, 1].

a factor of 2 larger number of predicted clusters than is actually
observed (see Fig. 7). There is therefore some tension between
the results from the Planck CMB analysis and the current clus-
ter analysis. Figure 10 illustrates this with a comparison of three
analyses of primary CMB data alone (Planck Collaboration XVI
2014; Story et al. 2013; Hinshaw et al. 2013) and cluster con-
straints in terms of �8(⌦m/0.27)0.3.

It is possible that the tension results from a combination of
some residual systematics with a substantial statistical fluctu-
ation. Enough tests and comparisons have been made on the
Planck data sets that it is plausible that at least one discrepancy
at the two or three sigma level will arise by chance. Nevertheless,
it is worth considering the implications if the discrepancy is real.

As we have noted, the modelling of the cluster gas physics
is the most important uncertainty in our analysis, in particular
through its influence on the mass bias (1� b). While we have ar-
gued for a preferred value of (1 � b) ' 0.8 based on comparison
of our Y500–M500 relation to those derived from a number of dif-
ferent numerical simulations, and we suggest a plausible range
of (1�b) from 0.7 to 1, a significantly lower value would substan-
tially alleviate the tension between CMB and SZ constraints. We
have undertaken a joint analysis using the CMB likelihood pre-
sented in Planck Collaboration XV (2014) and the cluster like-
lihood presented in the present paper, sampling (1 � b) in the
range [0.1, 1.5]. This results in a “measurement” of (1 � b) =
0.59 ± 0.05. We show in Fig 7 the SZ cluster counts predicted
by the Planck’s best-fit primary CMB model for (1 � b) = 0.59.
Clearly, this substantial reduction in (1�b) is enough to reconcile
our observed SZ cluster counts with Planck’s best-fit primary
CMB parameters.

Such a large bias is di�cult to reconcile with numerical sim-
ulations, and cluster masses estimated from X-rays and from
weak lensing do not typically show such large o↵sets (see
Appendix A). Systematic discrepancies in the relevant scaling
relations have, however, been identified and studied in stack-
ing analyses of X-ray, SZ, and lensing data for the very large
MaxBCG cluster sample, e.g., Planck Collaboration XII (2011),
Biesiadzinski et al. (2012), Draper et al. (2012), Rozo et al.
(2012), and Sehgal et al. (2013), suggesting that the issue is not
yet fully settled from an observational point of view. The uncer-
tainty reflects the inherent biases of the di↵erent mass estimates.
Systematic e↵ects arising from instrument calibration constitute
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Composition of the Universe
These numbers are starting to be known very very precisely; a lot of effort is going on to 

reduce any remaining systematic uncertainties to below percent-level.

26%

69%



WIMPs: thermal production 
mechanism (were in thermal 

equilibrium with the Universe, then 
“froze out” when the temperature 

dropped due to expansion) 
!

Axions: non-thermal production 
(produced during a phase 

transition). Initially proposed to 
solve “strong CP problem” (why is 

there no CP violation in QCD?)

What is dark matter?
Stable 
Invisible (no or nearly no electromagnetic interactions) 
Not baryonic (see CMB and BBN constraints) 
Collisionless 
Preferably cold (currently v < 10-8 c)



How do we look for dark matter?

Direct !
detection:!

DM particle interacts 
with your detector

Indirect !
detection:!

Signal from DM 
decay/annihilation

Production:!
Make DM particle in 

particle colliders

as
tro

ph
ys

ics
!



Idea: in the simplest form, WIMP can be its own antiparticle and two WIMPs can annihilate. 
These events were common in the early Universe, but now are concentrated in the densest 

regions (annihilation rate ~n2) 
Results of annihilation: two high-energy photons, two neutrinos, particle/antiparticle pair

AMS (Alpha-Magnetic Spectrometer on ISS) 
confirmed excess of positrons first seen by 

PAMELA (Payload for Antimatter Matter Exploration 
and Light-nuclei Astrophysics) above ~tens of 
GeV and detected first hints it is decreasing at 

high energies (shape of positron fraction depends 
if excess comes from pulsars or DM)

Neutrinos: IceCUBE should start to probe 
interesting regions of parameter space 

Search for WIMPs: indirect detection



What is dark energy?

Off by 123 orders of magnitude: worst prediction in history!

Yakov Zeldovich proposed in 1967 that dark energy is a quantum field phenomenon:  
!
Suppose physical vacuum is not really empty, but is filled with virtual 
particle-antiparticle pairs, which annihilate within Δt < ћ/mc2, and their 
fluctuations give rise to a net energy density - a “ground” state 
of the physical vacuum. 
!
To really estimate the value of this vacuum energy density, we need a quantum theory of 
gravity, which we don’t have yet. A “natural” Planck system of units expresses everything 
as a combination of fundamental physical constants; the Planck density is:

•  A “natural” Planck system of units expresses everything as 
combination of fundamental physical constants; the Planck 
density is:!

ρPlanck = c 5 / (ћ G 2) = 5.15 !10 +93 g cm-3!
•  The observed value is:!

ρvac = Ωvac ρcrit ≈ 6.5 ! 10 −30 g cm-3!

Ooops!  Off by 123 orders of magnitude …!
•  This is modestly called “the fine-tuning problem”  (because it 

requires a cancellation to 1 part in 10123)!
•  The other “natural” value is zero!
•  So, lacking a proper theory, physicists just declared the 

cosmological constant to be zero, and went on…!

The Worst Scientific Prediction Ever 

Observed value:

•  A “natural” Planck system of units expresses everything as 
combination of fundamental physical constants; the Planck 
density is:!

ρPlanck = c 5 / (ћ G 2) = 5.15 !10 +93 g cm-3!
•  The observed value is:!

ρvac = Ωvac ρcrit ≈ 6.5 ! 10 −30 g cm-3!

Ooops!  Off by 123 orders of magnitude …!
•  This is modestly called “the fine-tuning problem”  (because it 

requires a cancellation to 1 part in 10123)!
•  The other “natural” value is zero!
•  So, lacking a proper theory, physicists just declared the 

cosmological constant to be zero, and went on…!

The Worst Scientific Prediction Ever 

	The other “natural” value is zero, which is also wrong.  

Both inflation and dark energy are an exponential expansion of space — maybe not 
unrelated?



At the moment, completely unknown — one of the biggest mysteries 
in modern astrophysics!   

!
Even more mysteries: Why is ΩΛ non-zero but so much smaller than 

the “natural” Planck value? Why is ΩΛ ~ Ωm today, when they 
could be orders of magnitude off? 

!
There are many proposed theories to explain dark energy: 
   –  Decay of some scalar field (e.g. quintessence, proposing a fifth     

fundamental force) 
  –  Modified theories of gravity            
  –  Models connecting DM and DE           
  –  Landscape or multiverse models that postulate the existence of ~10500           

separate universes, with different (random) values of the physical constants, Λ 
included  

and so on! 
!
One measurement that might help eliminate some possibilities is  

if we found any time evolution of ΩΛ 

What are the physical origins of the cosmological constant?



Is the cosmological constant a constant?

Suppose ρΛ=ρΛ,0a-3(1+w): if w=-1, then ρΛ is truly constant (does not 
change with a). Can we see any deviations of w from -1? 

ȧ2 =

8⇡G⇢m

3 a2 � kc2

�
ȧ
a

�2
= H2

=

8⇡G(⇢m+⇢r+⇢⇤)
3 � kc2

a2

�
ȧ
a

�2
= H2

=

8⇡G⇢⇤

3
⇢r = ur/c

2
and ⇢⇤ = ⇤/8⇡G

⌦m =

⇢m,0

⇢cr,0
, ⌦r =

⇢r,0

⇢cr,0
,

⌦⇤ =

⇢⇤,0

⇢cr,0
and ⌦0 = ⌦m + ⌦r + ⌦⇤

H2
(t) = H2

0

h
⌦r

a4(t) +
⌦m

a3(t) +
kc2

H2
0a

2(t)
+ ⌦⇤

i

H2
(t) = H2

0

h
⌦r

a4(t) +
⌦m

a3(t) +
1�⌦0
a2(t) + ⌦⇤

i

⇢c,0 =

3H2
0

8⇡G

2

ΩΛ/a3(1+w)

dark energy

1 8 7.9? 8.1?

Or, suppose w=-1 at the present time, but what if it changes with time 
such that for example w(a)=w0+wa(1-a)? 
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Figure 4. Constraints on constant-w dark energy models with minimal neutrino mass from our cluster data (with standard priors on h
and ⌦bh2) are compared with results from CMB (WMAP, ACT and SPT), supernova and BAO (also including priors on h and ⌦bh2)
data, and their combination. The priors on h and ⌦bh2 are not included in the combined constraints. Dark and light shading respectively
indicate the 68.3 and 95.4 per cent confidence regions, accounting for systematic uncertainties.
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Figure 5. Constraints on ⇤CDM models (including curvature)
with minimal neutrino mass from our cluster data (with stan-
dard priors on h and ⌦bh2) are compared with results from CMB
(WMAP, ACT and SPT), supernova and BAO (also including pri-
ors on h and ⌦bh2) data, and their combination. The priors on
h and ⌦bh2 are not included in the combined constraints. Dark
and light shading respectively indicate the 68.3 and 95.4 per cent
confidence regions, accounting for systematic uncertainties. The
dotted line denotes spatially flat models.

prefers spatial flatness, with 103⌦k = �3± 4 and 0± 4 from
the combinations using WMAP and Planck+WP data, re-
spectively.

Turning to models with an evolving equation of state,
we first consider the simplest case without spatial curvature.
With this assumption, the cluster data alone are able to con-
strain the w0 and wa parameters of the evolving dark energy
model (see Equation 1), even when atr is free (marginalized

over 0.5 < atr < 0.95). Individual constraints from cluster,
CMB, supernova and BAO data are shown in the left panel
of Figure 6, along with constraints from the combination of
data, when atr is fixed to 0.5. Regardless of which all-sky
CMB data set is used and whether or not atr is fixed, we
find consistency with the cosmological-constant model.

Table 2 also shows constraints for models including both
free curvature (⌦k) and an evolving equation of state. In
all cases, the cluster data, and the combinations of cluster
and other leading data sets, remain consistent with spatial
flatness and a cosmological constant (see the right panel of
Figure 6 for models including free curvature). Comparing
to M14, who use identical fgas, CMB, supernova and BAO
data but not cluster counts, we generally find improvement
in the constraints on w0, and less so for ⌦k and wa. In the
most general model we consider, the constraint on w0 shrinks
from �0.99 ± 0.34 to �0.97+0.40

�0.22 for the combination using
WMAP CMB data (from �0.75±0.34 to �0.71+0.24

�0.36 for the
combination using Planck+WP data).

4.4 Constraints on Modifications of Gravity

While dark energy (in the form of a cosmological constant)
has been a mainstay of the standard cosmological model
since the discovery that the expansion of the Universe is
accelerating, other explanations for acceleration are possi-
ble. In particular, various modifications to GR in the large-
scale/weak-field limit have been proposed (for recent reviews
see, e.g., Frieman et al. 2008; Clifton et al. 2012; Joyce et al.
2014). Being sensitive to the action of gravity in this regime,
the growth of cosmic structure has the potential to distin-
guish between dark energy and modified gravity theories
that predict identical expansion histories.

A simple and entirely phenomenological approach in-
volves modifying the growth rate of density perturbations
at late times, when the growth is approximately scale-

c� 2014 RAS, MNRAS 000, 1–22
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Figure 6. Left: Constraints on evolving-w dark energy models with minimal neutrino mass and without global curvature from our cluster
data (with standard priors on h and ⌦bh2) are compared with results from CMB (WMAP, ACT and SPT), supernova and BAO (also
including priors on h and ⌦bh2) data, and their combination. The priors on h and ⌦bh2 are not included in the combined constraints.
Dark and light shading respectively indicate the 68.3 and 95.4 per cent confidence regions, accounting for systematic uncertainties. The
cross indicates the ⇤CDM model (w0 = �1, wa = 0). Right: Constraints on evolving-w models with global curvature as a free parameter
from the combination of cluster, CMB, supernova and BAO data. For the model with atr free, this parameter is marginalized over the
range 0.5 < atr < 0.95 (see Equation 1). In all cases, we find consistency with the standard cosmological-constant model.

Table 3. Marginalized best-fitting values and 68.3 per cent
maximum-likelihood confidence intervals for the growth index (�),
�8, and w from clusters (Cl), the CMB and galaxy survey data
(gal). Here � determines the late-time growth of cosmic struc-
ture, and w should be interpreted purely as a modification to the
⇤CDM expansion model (but not directly to the growth). Sub-
scripts ‘WM’ and ‘P l’ denote the use of WMAP or Planck+WP
data in combination with ACT and SPT. Note: athe combina-
tions with galaxy survey data should be treated with caution due
to the caveats noted in the text.

Data � �8 w

Cl 0.48± 0.19 0.833± 0.048 �1
Cl+CMBWM 0.56± 0.13 0.824± 0.037 �1
Cl+CMBWM+gala 0.66± 0.06 0.802± 0.016 �1
Cl+CMBPl 0.58± 0.12 0.824± 0.037 �1
Cl+CMBPl+gal 0.67± 0.06 0.799± 0.015 �1

Cl 0.39± 0.24 0.850± 0.055 �0.90± 0.19
Cl+CMBWM 0.52± 0.14 0.817± 0.040 �0.94± 0.13
Cl+CMBWM+gal 0.60± 0.08 0.792± 0.020 �0.91± 0.08
Cl+CMBPl 0.57± 0.14 0.828± 0.040 �1.01± 0.13
Cl+CMBPl+gal 0.63± 0.07 0.799± 0.015 �0.96± 0.07

dominated regime, where f ! 1 independent of �) onward
to be consistent with the growth given by Equation 14. This
modified power spectrum is then integrated when evaluating
the cluster mass function (Equations 2–3). For details of the
calculation of the ISW e↵ect in this model, see Appendix C;
as in earlier sections, we use CMB data from ACT, SPT,
and either Planck+WP or WMAP. The galaxy survey data
include results from 6dF (Beutler et al. 2012), SDSS (Reid
et al. 2012) and the WiggleZ Dark Energy Survey (Blake
et al. 2011). Their likelihood is approximated by a mul-

tivariate Gaussian, encoding measurements of f�8(z) and
F (z) = (1 + z)D(z)H(z)/c at several redshifts, assuming
zero neutrino mass; here D is the angular diameter distance,
and c is the speed of light. For consistency, we fix

P
m⌫ = 0

in this section for all data sets, rather than using the base-
line value of 0.056 eV employed elsewhere in this paper. Due
to the approximate nature of the galaxy survey likelihood
used here, compared with the analysis of cluster and CMB
data, we urge caution in interpreting the results that com-
bine all three data sets. However, the level of precision that
is in principle available from this combination (Table 3) mo-
tivates a more complete analysis of the galaxy survey data,
i.e. accounting for all parameter covariances, in future work.

The left panel of Figure 7 shows the constraints on � and
�8 from clusters, the CMB and galaxy survey data individ-
ually. In addition to the parameters shown, we marginalize
over the standard set of free parameters of the flat ⇤CDM
model. In the case of CMB or galaxy survey data alone, there
are strong but complementary degeneracies (as discussed
by Rapetti et al. 2013), whereas the cluster data (with
standard priors) constrain the entire model; the marginal-
ized constraints from clusters are � = 0.48 ± 0.19 and
�8 = 0.83± 0.05.

All three data sets shown are individually consistent
with � = 0.55. Their combination has a marginal (< 2�)
preference for higher values of � (Table 3), though this
should be viewed with caution in light of the caveats men-
tioned above (see also Beutler et al. 2014b). The combina-
tion of clusters and the CMB (without galaxy survey data)
is fully consistent with GR.

In the right panel of Figure 7, we present constraints
on models when additional freedom is introduced into the
model for the cosmic expansion in the form of the w pa-
rameter. In this model, w should not be interpreted as the
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ρΛ=ρΛ,0a-3(1+w)

w(a)=w0+wa(1-a)

Current constraints on 
dark matter equation 

of state

Mantz et al. 2015,  
Planck Collaboration 2015

Planck Collaboration: Cosmological parameters

This is consistent with the preference for a higher lensing am-
plitude discussed in Sect. 5.1.2, improving the fit in the w < �1
region, where the lensing smoothing amplitude becomes slightly
larger. However, the lower limit in Eq. (51) is largely determined
by the (arbitrary) prior H0 < 100 km s�1Mpc�1, chosen for the
Hubble parameter. Much of the posterior volume in the phan-
tom region is associated with extreme values for cosmological
parameters, which are excluded by other astrophysical data. The
mild tension with base ⇤CDM disappears as we add more data
that break the geometrical degeneracy. Adding Planck lensing
and BAO, JLA and H0 (“ext”) gives the 95 % constraints

w = �1.023+0.091
�0.096 Planck TT+lowP+ext, (52a)

w = �1.006+0.085
�0.091 Planck TT+lowP+lensing+ext, (52b)

w = �1.019+0.075
�0.080 Planck TT,TE,EE+lowP+lensing+ext.

(52c)

The addition of Planck lensing, or using the full Planck tem-
perature+polarization likelihood together with the BAO, JLA,
and H0 data does not substantially improve the constraint of
Eq. (52a). All of these data set combinations are compatible with
the base ⇤CDM value of w = �1. In PCP13, we conservatively
quoted w = �1.13+0.24

�0.25, based on combining Planck with BAO,
as our most reliable limit on w. The errors in Eqs. (52a)–(52c) are
substantially smaller, mainly because of the addition of the JLA
SNe data, which o↵er a sensitive probe of the dark energy equa-
tion of state at z <⇠ 1. In PCP13, the addition of the SNLS SNe
data pulled w into the phantom domain at the 2� level, reflecting
the tension between the SNLS sample and the Planck 2013 base
⇤CDM parameters. As noted in Sect. 5.3, this discrepancy is no
longer present, following improved photometric calibrations of
the SNe data in the JLA sample. One consequence of this is the
tightening of the errors in Eqs. (52a)–(52c) around the ⇤CDM
value w = �1 when we combine the JLA sample with Planck.

If w di↵ers from �1, it is likely to change with time. We
consider here the case of a Taylor expansion of w at first order in
the scale factor, parameterized by

w = w0 + (1 � a)wa. (53)

More complex models of dynamical dark energy are discussed
in Planck Collaboration XIV (2016). Figure 27 shows the 2D
marginalized posterior distribution for w0 and wa for the com-
bination Planck+BAO+JLA. The JLA SNe data are again cru-
cial in breaking the geometrical degeneracy at low redshift and
with these data we find no evidence for a departure from the
base ⇤CDM cosmology. The points in Fig. 27 show samples
from these chains colour-coded by the value of H0. From these
MCMC chains, we find H0 = (68.2 ± 1.1) km s�1Mpc�1. Much
higher values of H0 would favour the phantom regime, w < �1.

As pointed out in Sects. 5.5.2 and 5.6 the CFHTLenS weak
lensing data are in tension with the Planck base ⇤CDM param-
eters. Examples of this tension can be seen in investigations of
dark energy and modified gravity, since some of these models
can modify the growth rate of fluctuations from the base ⇤CDM
predictions. This tension can be seen even in the simple model
of Eq. (53). The green regions in Fig. 28 show 68 % and 95 %
contours in the w0–wa plane for Planck TT+lowP combined with
the CFHTLenS H13 data. In this example, we have applied ultra-
conservative cuts, excluding ⇠� entirely and excluding measure-
ments with ✓ < 170 in ⇠+ for all tomographic redshift bins. As
discussed in Planck Collaboration XIV (2016), with these cuts
the CFHTLenS data are insensitive to modelling the nonlinear
evolution of the power spectrum, but this reduction in sensitiv-
ity comes at the expense of reducing the statistical power of the

�2 �1 0 1

w0

�3

�2

�1

0

1

2

w
a

Planck TT+lowP+ext

Planck TT+lowP+WL
Planck TT+lowP+WL+H0

Fig. 28. Marginalized posterior distributions for (w0,wa) for var-
ious data combinations. We show Planck TT+lowP in combi-
nation with BAO, JLA, H0 (“ext”), and two data combinations
that add the CFHTLenS data with ultra-conservative cuts as de-
scribed in the text (denoted “WL”). Dashed grey lines show the
parameter values corresponding to a cosmological constant.

weak lensing data. Nevertheless, Fig. 28 shows that the combina-
tion of Planck+CFHTLenS pulls the contours into the phantom
domain and is discrepant with base⇤CDM at about the 2� level.
The Planck+CFHTLenS data also favour a high value of H0. If
we add the (relatively weak) H0 prior of Eq. (30), the contours
(shown in cyan) in Fig. 28 shift towards w = �1. It therefore
seems unlikely that the tension between Planck and CFHTLenS
can be resolved by allowing a time-variable equation of state for
dark energy.

A much more extensive investigation of models of dark
energy and also models of modified gravity can be found in
Planck Collaboration XIV (2016). The main conclusions of that
analysis are as follows:

• an investigation of more general time-variations of the equa-
tion of state shows a high degree of consistency with w = �1;
• a study of several dark energy and modified gravity models

either finds compatibility with base⇤CDM, or mild tensions,
which are driven mainly by external data sets.

6.4. Neutrino physics and constraints on relativistic
components

In the following subsections, we update Planck constraints on
the mass of standard (active) neutrinos, additional relativistic de-
grees of freedom, models with a combination of the two, and
models with massive sterile neutrinos. In each subsection we
emphasize the Planck-only constraint, and the implications of
the Planck result for late-time cosmological parameters mea-
sured from other observations. We then give a brief discussion of
tensions between Planck and some discordant external data, and
assess whether any of these model extensions can help to resolve
them. Finally we provide constraints on neutrino interactions.

40
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Figure 7. Constraints on models where the growth index of cosmic structure formation, �, is a free parameter. Dark and light shading
respectively indicate the 68.3 and 95.4 per cent confidence regions, accounting for systematic uncertainties. Left: Constraints from clusters,
the CMB, and galaxy survey data individually, marginalizing over the standard flat ⇤CDM parametrization of the cosmic expansion
history. Note that the treatment of the galaxy survey data uses a multivariate Gaussian approximation to constraints from RSD and the
AP e↵ect (see also Rapetti et al. 2013). GR corresponds approximately to � = 0.55 (dashed line). Right: Constraints from clusters and
the combination of clusters and the CMB for models where w is allowed to be free in the parametrization of the expansion history (this
parameter does not directly a↵ect the growth history in this model). Here the horizontal and vertical dashed lines respectively correspond
to the standard models for the growth of cosmic structure (GR) and the expansion of the Universe (⇤CDM). In these figures, ‘CMB’
refers to the combination of ACT, SPT and WMAP data; see Appendix B for the corresponding figures using Planck+WP instead of
WMAP data.

dark energy equation of state, but simply as a phenomeno-
logical departure from the cosmic expansion model given by
⇤CDM, in the same way that � parametrizes departures of
the growth history from that given by GR. (In particular,
dark energy perturbations associated with values of w dif-
ferent from �1 are not included in the growth equations,
which instead depend on � through Equation 14.) The fig-
ure shows constraints from clusters alone, and the combina-
tion of cluster and CMB data. Here again, the clusters and
clusters+CMB data are fully consistent with the standard
w = �1, � = 0.55 model, although the full combination, in-
cluding the galaxy survey data, exhibits mild (< 2�) tension
(Table 3).

4.5 Constraints on Non-Gaussianity

In the standard cosmological model, the primordial density
perturbations sourced by inflation are assumed to be Gaus-
sian, in which case their statistical properties are completely
described by the power spectrum (i.e. two-point correla-
tion function). However, many viable inflation models pro-
duce non-Gaussianity, which results in non-vanishing higher-
order correlations (see, e.g., Bartolo et al. 2004). CMB and
galaxy survey studies of non-Gaussianity typically focus on
constraining the amplitude of the bispectrum (three-point
function), parametrized by fNL, for a given “triangle” tem-
plate configuration of momentum vectors (e.g. Bennett et al.
2013; Planck Collaboration 2013e).

For clusters, non-Gaussianity manifests itself in an en-
hancement or suppression of the mass function at the high-
est masses, and respectively a corresponding suppression or
enhancement at low masses, relative to the Gaussian case.

Importantly, the cluster signal is influenced by the entire se-
ries of n-point correlation functions (Lo Verde et al. 2008;
Shandera et al. 2013a), and therefore has the potential to
distinguish competing models of inflation that have identi-
cal bispectra but a di↵erent scaling of higher-order moments
(e.g. Barnaby & Shandera 2012).

Shandera et al. (2013b) present constraints on two such
inflation models, referred to as hierarchical-type (single-
field inflation) and feeder-type (including interactions with
a spectator field), based on the M10a,b data set. In this
work, the free parameter describing the overall level of non-
Gaussianity is the dimensionless third moment of the density
perturbation field, smoothed on scales of 8h�1 Mpc, M3;
the two models above di↵er in the scaling of higher-order
moments relative to M3, and in the form of the modified,
non-Gaussian mass function. In particular, the feeder scaling
generates greater non-Gaussianity overall for a given value
of M3 than the hierarchical scaling.

More recently, Adhikari et al. (2014) have performed N -
body simulations of structure formation from non-Gaussian
initial conditions. Their results for non-Gaussian mass func-
tions broadly vindicate the analytic approach of Shandera
et al. (2013b), but motivate several refinements of the model,
detailed in Adhikari et al. (2014), which we adopt here.
We do not recapitulate these refinements here, but note
that their net e↵ect is to reduce the modification to the
mass function for a given value of M3 compared with the
Shandera et al. (2013b) model, for both hierarchical- and
feeder-type scalings. Consequently, our constraints on non-
Gaussianity are weaker than those reported by Shandera
et al. (2013b), despite our addition of lensing data to the
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Table 2. Marginalized (one-dimensional) best-fitting values and 68.3 per cent maximum-likelihood confidence intervals for the pa-
rameters of various dark energy models, including systematic uncertainties. The parametrization of the equation of state is defined in
Section 3.1. The “Clusters” data incorporates X-ray survey data, X-ray follow-up observations (providing mass proxies in general and
fgas measurements for relaxed clusters), and weak lensing data (WtG). The “CombWM” combination of data refers to the union of our
cluster data set with CMB power spectra from WMAP (Hinshaw et al. 2013), ACT (Das et al. 2014) and SPT (Keisler et al. 2011;
Reichardt et al. 2012; Story et al. 2013), the Union 2.1 compilation of type Ia supernovae (Suzuki et al. 2012), and baryon acoustic
oscillation measurements at z = 0.106 (Beutler et al. 2011), z = 0.35 (Padmanabhan et al. 2012) and z = 0.57 (Anderson et al. 2014).
“CombPl” is identical, with the exception that 1-year Planck data (plus WMAP polarization; Planck Collaboration 2013c) are used in
place of the complete 9-year WMAP data. The clusters-only constraints incorporate standard priors on h and ⌦bh2 (Section 2; Riess
et al. 2011; Cooke et al. 2014). Parameters listed with no error bars for a given model are fixed. Parameters with no value listed are not
relevant, given the other parameters that are fixed in that model. For the models in which wa is a free parameter (bottom section of
table), there is no sensitivity to the transition time parameterized by atr; therefore, atr is either fixed (to 0.5) or is marginalized over the
range 0.5 to 0.95 (indicated by the “—” symbol in the atr column). The last column indicates in which figure, if any, the corresponding
results are displayed.

Data �8 ⌦m ⌦DE 103⌦k w0 wa wet atr Fig.

Clusters 0.830± 0.035 0.259± 0.030 0 �1 0 1

Clusters 0.830± 0.035 0.261± 0.032 0.728± 0.115 8± 110 �1 0 5

CombWM 0.814± 0.019 0.294± 0.010 0.709± 0.011 �3± 4 �1 0 5

CombPl 0.823± 0.013 0.302± 0.009 0.698± 0.009 0± 4 �1 0 B1

Clusters 0.831± 0.036 0.261± 0.031 0 �0.98± 0.15 0 4

CombWM 0.819± 0.026 0.295± 0.013 0 �0.99± 0.06 0 4

CombPl 0.833± 0.021 0.297± 0.013 0 �1.03± 0.06 0 B1

CombWM 0.818± 0.023 0.289± 0.014 0.715± 0.016 �5± 5 �1.03± 0.07 0

CombPl 0.836± 0.021 0.292± 0.014 0.713± 0.015 �4± 4 �1.08± 0.07 0

Clusters 0.829± 0.036 0.261± 0.026 0 �0.69+0.32
�0.36 �1.6+1.9

�1.3 �2.3+1.6
�1.0 0.5 6a

CombWM 0.816± 0.027 0.292± 0.015 0 �1.04+0.13
�0.18 0.3+0.4

�0.6 �0.8+0.3
�0.4 0.5 6a

CombPl 0.835± 0.021 0.298± 0.015 0 �0.96+0.15
�0.18 �0.3+0.6

�0.5 �1.2+0.4
�0.4 0.5 B1

Clusters 0.827± 0.036 0.262± 0.023 0 �0.71+0.62
�0.42 �1.0+1.5

�1.4 �1.4+0.8
�1.1 —

CombWM 0.818± 0.025 0.291± 0.015 0 �1.09+0.23
�0.22 0.2+0.5

�0.5 �0.9+0.2
�0.2 —

CombPl 0.834± 0.021 0.300± 0.015 0 �0.97+0.24
�0.20 �0.2+0.5

�0.5 �1.1+0.2
�0.3 —

CombWM 0.822± 0.026 0.294± 0.015 0.713± 0.016 �8± 6 �0.93+0.24
�0.20 �0.4+1.0

�1.1 �1.3+0.8
�0.9 0.5 6b

CombPl 0.840± 0.022 0.302± 0.015 0.705± 0.016 �8± 5 �0.87+0.26
�0.20 �0.8+0.9

�1.4 �1.6+0.7
�1.1 0.5 B1

CombWM 0.822± 0.025 0.295± 0.016 0.712± 0.016 �7± 7 �0.97+0.40
�0.22 �0.1+0.6

�1.2 �1.1+0.5
�0.7 — 6b

CombPl 0.838± 0.021 0.304± 0.016 0.703± 0.016 �7± 5 �0.71+0.24
�0.36 �1.1+1.1

�0.7 �1.3+0.3
�0.8 — B1

independent. We adopt the simple parametrization in terms
of the growth index, � (e.g. Linder 2005),

f(a) =
d ln �

d ln a
= ⌦m(a)� , (14)

where � is the linear density contrast in synchronous gauge
(at any scale), and where � = 0.55 approximately corre-
sponds to GR for a wide range of expansion histories com-
patible with current data (Polarski & Gannouji 2008). Note
that constraints on the growth index serve only as a use-
ful consistency check of GR, rather than directly testing
GR against alternative models of gravity. Constraints on �
from earlier versions of our cluster analysis (in conjunction
with contemporaneous cosmological data) are presented by
Rapetti et al. (2009, 2010, 2013). Independent constraints

from other data sets have been obtained by, e.g., Nesseris
& Perivolaropoulos (2008), di Porto & Amendola (2008),
Samushia et al. (2013, 2014) and Beutler et al. (2014a).

We follow Rapetti et al. (2013), investigating the con-
straints on � from our cluster data, the integrated Sachs-
Wolfe (ISW) e↵ect on the CMB,26 and measurements of
redshift-space distortions (RSD) and the Alcock-Paczynski
(AP) e↵ect from galaxy survey data. In practice, we use
camb to calculate and tabulate P (k, z) assuming GR, then
modify these values from z = 30 (well into the matter-

26 Cosmic growth also leaves an imprint at high multipoles
through CMB lensing, but currently the CMB constraints on �
primarily come from the ISW e↵ect.
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What if we modify the growth rate of density perturbations at late times, 
naively parametrised as:

δ is the density contrast 
compared to the mean 
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deviations of the law of gravity 
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F��. 2.— Illustration of sensitivity of the cluster mass function to the cosmological model. In the le� panel, we show the measured mass function and predicted
models (with only the overall normalization at z = 0 adjusted) computed for a cosmologywhich is close to our best-�tmodel.�e low-zmass function is reproduced
from Fig. 1, which for the high-z cluster we show only the most distant subsample (z > 0.55) to better illustrate the e�ects. In the right panel, both the data and the
models are computed for a cosmology with ΩΛ = 0. Both the model and the data at high redshi�s are changed relative to the ΩΛ = 0.75 case. �e measured mass
function is changed because it is derived for a di�erent distance-redshi� relation. �e model is changed because the predicted growth of structure and overdensity
thresholds corresponding to ∆crit = 500 are di�erent. When the overall model normalization is adjusted to the low-zmass function, the predicted number density
of z > 0.55 clusters is in strong disagreement with the data, and therefore this combination of ΩM and ΩΛ can be rejected.

of interest in our study; at this level, the theoretical uncertain-
ties in the mass function do not contribute signi�cantly to the
systematic error budget. Although the formula has been cali-
brated using dissipationless N-body simulations (i.e. without
e�ects of baryons), the expected e�ect of the internal redistri-
bution of mass during baryon dissipation on halo mass func-
tion are expected to be < 5% (Rudd et al. 2008) for a realistic
fraction of baryons that condenses to form galaxies.
Similarly to Jenkins et al. (2001) andWarren et al. (2006), the

Tinker et al. formulas for the halo mass function are presented
as a function of variance of the density �eld on amass scaleM.
�e variance, in turn, depends on the linear power spectrumof
the cosmologicalmodel, P(k), whichwe calculate as a product
of the initial power law spectrum, kn , and the transfer func-
tion for the given mixture of CDM and baryons, computed
using the analytic approximations of Eisenstein & Hu (1999).
�is analytic approximation is accurate to better than 2% for
a wide range of cosmologies, including cosmologies with non-
negligible neutrino contributions to the total matter density.
Our default analysis assumes that neutrinos have a negligi-

bly small mass. �e only component of our analysis that could
be a�ected by this assumption is when we contrast the low-
redshi� value of σ8 derived from clusters with the CMB power
spectrum normalization. �is comparison uses evolution of
purely CDM+baryons power spectra. �e presence of light
neutrinos a�ects the power spectrum at cluster scales; in terms
of σ8, the e�ect is roughly proportional to the total neutrino
density, and is ≈ 20% for ∑mν = 0.5 eV (we calculate the ef-
fect of neutrinos using the transfer function model of Eisen-
stein & Hu 1999). Stringent upper limits on the neutrino mass
were reported from comparison of theWMAP and Ly-α forest
data,∑mν < 0.17 eV at 95%CL (Seljak et al. 2006). If neutrino
masses are indeed this low, they would have no e�ect on our
analysis. However, possible issues with modeling of the Ly-α
data have been noted in the literature (see, e.g., discussion in

§ 4.2.8 of Dunkley et al. 2008) and so we experiment also with
neutrino masses outside the Ly-α forest bounds (§ 8.5).

4. FITTING PROCEDURE
We obtain parameter constraints using the likelihood func-

tion computed on a full grid of cosmological parameters a�ect-
ing cluster observables (and also those for external datasets).
�e relevant parameters for the cluster data are those that a�ect
the distance-redshi� relation, as well as the growth and power
spectrumof linear density perturbations: ΩM,ΩΛ ,w (dark en-
ergy equation of state parameter), σ8 (linear amplitude of den-
sity perturbations at the 8 h−1 Mpc scale at z = 0), h, tilt of the
primordial �uctuations power spectrum, and potentially, the
non-zero rest mass of light neutrinos. �is is computationally
demanding and we describe our approach below.
�e computation of the likelihood function for a single com-

bination of parameters is relatively straightforward. Our pro-
cedure (described in Paper II) uses the full information con-
tained in the dataset, without any binning in mass or redshi�,
takes into account the scatter in the Mtot vs. proxy relations
and measurement errors, and so on. We should note, how-
ever, that since the measurement of the Mgas and YX proxies
depends on the assumed distance to the cluster, themass func-
tions must be re-derived for each new combination of the cos-
mological parameters that a�ect the distance-redshi� relation
— ΩM, w, ΩΛ , etc. Variations of h lead to trivial rescalings of
the mass function and do not require re-computing the mass
estimates. Computation of the survey volume uses a model for
the evolving LX −Mtot relation (see § 5 in Paper II), which is
measured internally from the data and thus also depends on
the assumed d(z) function. �erefore, we re�t the LX −Mtot
relation for each new cosmology and recompute V(M). Sen-
sitivity of the derived mass function to the background cos-
mology is illustrated in Fig. 2. �e entire procedure, although
equivalent to full reanalysis of the Chandra and ROSAT data,
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parameters?
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