
Lecture IV 
Dark Matter 

what do we know about things we cannot see?



Virial Theorem for a test particle (a galaxy, or a proton), 
moving in a cluster potential well: 
Ek = Ep / 2 → mg σ2 / 2 = G mg Mcl / (2 Rcl) 
where σ is the velocity dispersion 
!
Thus the cluster mass is: Mcl = σ2 Rcl / G 
Typical values for clusters: σ ~ 500 - 1500 km/s 
          Rcl ~ 3 - 5 Mpc 
Thus, typical cluster masses are Mcl ~ 1014 - 1015 Msun 
The typical cluster luminosities (~ 100 - 1000 galaxies) 
are Lcl ~ 1012 Lsun, and thus (M/L) ~ 200 - 500 in solar units 

→ lots of mass that does not emit visible light!

Virial masses of clusters of galaxies

First pointed out by Zwicky (1933) for the Coma Cluster (he only had velocity measurements 
from eight galaxies to compute the velocity dispersion!)
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X-ray gas adds 10x more mass than optical galaxies but still not enough! 



Six years after Zwicky’s paper, Babcock (1939) obtained long-slit 
spectra of the Andromeda galaxy, which showed that the outer regions 
of M 31 were rotating with an unexpectedly high velocity. 
“[T]he great range in the calculated ratio of mass to luminosity in proceeding outward 
from the nucleus suggests that absorption plays a very important role in the outer 
portions of the spiral, or, perhaps, that new dynamical considerations are required"

Galaxy rotation curves

M33, Corbelli&Salucci 2000



Galaxy rotation curves

Rubin et al. 1978

The rotation curves of spiral galaxies do not decrease beyond the scale length of the disk, 
but are basically flat. It is easy to calculate the distribution of the additional mass required to 

keep the fast rotating matter at the outer edge of the galaxies gravitationally bound:

v2(R) = GM(R)/R
v2lum(R) = GMlum(R)/R
Mdark(R) =

R
Gv2(R)�Mlum(R)
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van Albada et al. 1985

(assuming some fixed Mlum/L ratio; this was shown to be true using the velocities 
of the stars perpendicular to the disk vs. the surface density and scale height)



X-ray gas in clusters of galaxies

Speed of sound and sound crossing time in the hot X-ray emitting intracluster medium:
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Deviations from pressure equilibrium are evened out on time scales of about tsc, which is short 
compared to the cluster’s typical age (~10 Gyr), so we can assume pressure equilibrium:
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or in a spherically 
symmetric case

M(r) is the total gravitating enclosed mass (including dark matter) 
Plug in P=nkBT=ρgaskBT/(μmp) 
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Masses obtained are typically in the range 1014-1015Msun, in agreement with dynamical 
arguments from galaxy velocity dispersion



Gravitational lensing

In Newtonian theory, you could imagine light as made of particles that 
traveled at the speed c, and calculate the deflection angle they would 
experience if they passed at an impact parameter b from a point mass M:

Gravitational Lensing

Gravitational lensing, which is the deflection of light by gravitational fields and the
resulting effect on images, is widely useful in cosmology and, at the same time, a source
of irreducible uncertainty in certain measurements. Here we discuss the basics, followed by
some real-world complications and applications. Much of the development of this lecture
follows the Living Reviews in Relativity article by Wambsganss.

Basics

It is sometimes stated that the deflection of light by gravity was first predicted with
general relativity. This is something of an oversimplification. In Newtonian theory, you
could imagine light as made of particles that traveled at the speed c, and such particles
would feel gravity just like anything else. If they passed at an impact parameter b from a
point mass M , they would experience a total deflection angle in radians of

α̃ =
2GM

c2b
(wrong) . (1)

This Newtonian expression was first derived by Johann Soldner in 1804! It is also the
expression derived by Einstein using a preliminary formulation of general relativity in 1911.
He asked observers to try to measure the deflection past the limb of the Sun in the total solar
eclipse of 1914. Fortunately for Einstein (and unfortunately for millions of other people),
World War 1 intervened. He then found that in the final version of general relativity the
actual expression is a factor of two larger:

α̃ =
4GM

c2b
(correct) . (2)

This was confirmed in an expedition led by Sir Arthur Stanley Eddington in 1919 (al-
though the error bars were larger than they reported). This English confirmation of a
German scientist’s correction of an Englishman’s theory (i.e., Newton), so soon after a war
where England and Germany were on opposite sides, made Einstein a household name.

Fundamentally, therefore, gravitational lensing just acts like classical geometric optics.
Curved spacetime causes light bundles to deflect, and also to shear and expand. The result
is that a background light source can have its apparent position, shape, and flux changed
by a foreground gravitational lens. Keep in mind, though, that the surface brightness of a
lensed object is not changed, because the light goes from flat spacetime to flat spacetime after
going through the lens, and as we discussed earlier the surface brightness is altered only by
redshifts. Also note that light is neither created nor destroyed by lensing, just redistributed.

First derived by Johann Soldner in 1804!

(you’d be wrong, because in the process you will need to have divided both sides of an 
equation by the mass of a photon which is zero - in special  relativity, photons do not feel 
gravity!)



In general relativity, light travels along “geodesics” and when space-time is curved, the 
light path will be deflected. The correct deflection angle from GR is: 
!
!
This opens a possibility of “seeing” the distribution of dark matter.

Gravitational lensing

Gravitational Lensing

Gravitational lensing, which is the deflection of light by gravitational fields and the
resulting effect on images, is widely useful in cosmology and, at the same time, a source
of irreducible uncertainty in certain measurements. Here we discuss the basics, followed by
some real-world complications and applications. Much of the development of this lecture
follows the Living Reviews in Relativity article by Wambsganss.
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This was confirmed in an expedition led by Sir Arthur Stanley Eddington in 1919 (al-
though the error bars were larger than they reported). This English confirmation of a
German scientist’s correction of an Englishman’s theory (i.e., Newton), so soon after a war
where England and Germany were on opposite sides, made Einstein a household name.

Fundamentally, therefore, gravitational lensing just acts like classical geometric optics.
Curved spacetime causes light bundles to deflect, and also to shear and expand. The result
is that a background light source can have its apparent position, shape, and flux changed
by a foreground gravitational lens. Keep in mind, though, that the surface brightness of a
lensed object is not changed, because the light goes from flat spacetime to flat spacetime after
going through the lens, and as we discussed earlier the surface brightness is altered only by
redshifts. Also note that light is neither created nor destroyed by lensing, just redistributed.



• Einstein got the “wrong” formula in 1911 using general relativity (same as the 
classical calculation).  

• He asked observers to try to measure the deflection past the limb of the Sun in the 
total solar eclipse of 1914, but WWI intervened.  

• He then realised he was off by a factor of 2.  
• Measurements by Sir Arthur Stanley Eddington confirmed this in 1919 in his 

expedition to the island of Principe (off the west coast of Africa). 
• This English confirmation of a German scientist’s correction of an Englishman’s 

theory (i.e., Newton), so soon after a war where England and Germany were on 
opposite sides, made Einstein a household name.

Confirmation of gravitational lensing



Gravitational 
lensing in the 
strong regime"

Misalignment of 
the line of sight 
and the center 
of the lensing 
mass splits the 
Einstein ring 
into multiple 
images!

Khvolson (1924) and Einstein (1936) predicted that if a background object is directly 
aligned with a point source mass, the light rays will be deflected into an “Einstein Ring”

In 1937, Zwicky predicted that one could study the mass distribution (dark matter) in 
clusters by studying background galaxies that are lensed by the dark matter in the 

cluster. This was not observationally feasible until the mid-1990’s



A370 (first arc discovered in a cluster)





Gravitational arcs are strongly distorted and magnified images of 
distant galaxies

The lens equation

β: the angle between the lens and the actual position of the source  
θ: the angle between the lens and the image of the source 
For small angles, 

That means that if you see source brightening due to lensing, some other observer with a
different line of sight would have to see diminished flux to compensate.

The Lens Equation

Consider a spherically symmetric lens, with a mass M(ξ) within an impact parameter ξ
from the center (see Figure 1). The basic deflection equation then gives

α̃ =
4GM(ξ)

c2ξ
. (3)

Suppose that the lens is at an angular diameter distance DL from us, that the source is
at angular diameter distance DS from us, and that the angular diameter distance between
the two is DLS. Note that for cosmologically significant distances we have to be careful:
DLS ̸= DS − DL in general! Let β be the angle between the lens and the actual position of
the source, θ be the angle between the lens and the image of the source, and α(θ) ≡ θ − β.
One can then show that

α = (DLS/DS)α̃ . (4)

If the lens is not spherically symmetric then one has vectorial angles, and the two-dimensional
lens equation is

β⃗ = θ⃗ − α⃗(θ⃗) . (5)

We can then note that since ξ = θDL, we get (for spherical symmetry)

β(θ) = θ −
DLS

DLDS

4GM

c2θ
. (6)

If the source is exactly behind the lens, β = 0, then we get the angular Einstein radius

θE =

!

4GM

c2

DLS

DLDS

. (7)

This gives an approximate scale for the angular deflection you would expect from a given
lens. If the lens is roughly halfway to the source, then the Einstein radius (which, remember,
is in radians and thus dimensionless) is approximately the square root of the ratio of the
Schwarzschild radius (Rs = 2GM/c2; this is the radius of a nonspinning black hole with
mass M) to the distance to the lens.

Note also that this is approximately the angular distance from the lens needed such that
a background source will have multiple images (well, for a point source it will always have
multiple images; for things other than black holes, though, this need not be the case). Since
the solid angle is proportional to θ2

E ∝ M , this means, for example, that the probability
of multiple lensing from a star cluster or galaxy is simply proportional to the total mass,
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If the source is exactly behind the lens then β=0 and 
we get an Einstein ring with radius

That means that if you see source brightening due to lensing, some other observer with a
different line of sight would have to see diminished flux to compensate.
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Note also that this is approximately the angular distance from the lens needed such that
a background source will have multiple images (well, for a point source it will always have
multiple images; for things other than black holes, though, this need not be the case). Since
the solid angle is proportional to θ2

E ∝ M , this means, for example, that the probability
of multiple lensing from a star cluster or galaxy is simply proportional to the total mass,

For a spherically symmetric source with β≠0

independent of how that mass is distributed. Among other things, this means that although
black holes are unquestionably way cool, they account for only a small fraction of multiple
imaging because they account for only a small fraction of mass.

For typical cosmological distances the Einstein radius is

θE ≈ few
!

M/1012 M⊙ arcsec (8)

and for a lens star in the Milky Way and a source near the Galactic bulge we have

θE ≈ 5 × 10−4
!

M/1 M⊙ arcsec . (9)

This is why individual images have been seen cosmologically, but for microlensing (i.e., by
individual stars) one only sees the increase in flux due to multiple images.

The lensing equation for a spherically symmetric source can then be rewritten as

β = θ − θ2
E/θ (10)

and hence the image positions are

θ1,2 =
1

2

"

β ±
#

β2 + 4θ2
E

$

. (11)

Note, as a check, that this is θE when β = 0. We can then use this to find the magnification
of each image, that is, the ratio of the flux from the image to the flux of the unlensed source.
This stems from the conservation of surface brightness, and is

µ =
θ

β

dθ

dβ
. (12)

For a symmetric source, and for a scaled angular impact parameter u ≡ β/θE, the two
magnifications are

µ1,2 =
u2 + 2

2u
√

u2 + 4
±

1

2
(13)

for a total magnification of

µtot = µ1 + µ2 =
u2 + 2

u
√

u2 + 4
. (14)

This value is always larger than unity, even when u → ∞.

Wait a second! Doesn’t that contradict my previous statement that lensing doesn’t
create or destroy light? No, there is a subtlety in how one does the comparison. If you
compare the brightness of a source in an empty universe with one that has matter, you
find that overall convergence of the rays is larger when matter is present. If, however, you
compare a universe consisting of smoothly distributed matter with one that has the same
amount of matter spread lumpily, the total light is conserved.
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The magnification, or ratio of the flux from the image to the flux of 
the unlensed source can be calculated from the conservation of 
surface brightness:



Strong lensing in clusters of galaxies: thin mass sheet approximation

Light deflection by a massive extended object e.g. a galaxy cluster → Simplification: 
the deflection happens only over a very short distance compared to the total light path 

of the light rays → deflection considered only in the „lens plane“ 
!

For an azimuthally symmetric mass distribution in the lens plane (e.g 
projected spherically symmetric distribution) the light deflection at 
impact parameter ξ is the same as for a point mass with the same 

mass value in the center of symmetry.

projected  
surface mass density



Natural gravitational lenses like clusters of galaxies are highly non-
linear: the final deflection parameter is not proportional to the impact 

parameter, and the lens does not have any true focal length.

Strong lensing caustics

Multiple images for a strong elliptical lens. (a) Source-plane view, with various locations of the 
source indicated by coloured dots. Lines represent lensing caustics. (b) Image-plane view 

(what the observer sees); dotted lines represent critical lines for the relevant source distance. 
When the source approaches the caustic, the number of multiple images and distortion 

increases. 
Detailed modelling of lensing mass distribution is necessary!!

Ellis 2010

image will be distorted 
radially (radial caustic)

image will be distorted 
tangentially (tangential 

caustic)



Weak lensing

• Gravitational lensing does not only deflect the light beams as a whole, but it also affects 
the size and shape of the light beams.  

!
• At larger angular separations from the center of a galaxy cluster, the effect of lensing is 

weaker (no obvious giant arcs), but many background galaxies are distorted less 
strongly. 

• Because the intrinsic shape of each individual 
galaxy is not known, the distortion due to lensing 
becomes too weak to be identified for each 
galaxy image separately 

!
•  Statistically, averaging over many background 

galaxies (assumed not to have a preferred 
orientiation), we can recover the gravitational 
lensing potential. 
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Figure 4. Lensing mass versus X-ray mass. The dark and light blue bands
are the 68% and 95% confidence intervals allowed by the power-law model
fit to the data. The dashed black line is the one-to-one line. The magnitude
of the intrinsic scatter has been marginalized over.

the bulk of clusters in the sample are at low redshift. To test the
sensitivity of our measurements to the details of the interpolation
scheme, we remeasured the lensing to X-ray ratio using only the
correction factor from the z = 0.25 simulation. In this case, we
measure the ratio to be 0.940+0.081

�0.074, where the best Gaussian ap-
proximation to the posterior PDF is µ = 0.948 ± 0.082, a shift of
less than ⇡ 2%.

4.4 Mass or Redshift Trend

In this section, we search for trends in the X-ray to lensing ratio
with mass or redshift. Such trends would suggest that a more com-
plex calibration model is needed for the fgas experiment. Previous
work has suggested that a trend with mass may exist for hydro-
static masses from Chandra, albeit at low statistical significance
and for samples including all dynamic states (Israel et al. 2014). In
our case, we emphasize that the baseline ratio model is an adequate
description of the data, and that the small size of our sample makes
precise measurements of extended models di�cult.

We first examine if the lensing to X-ray mass ratio exhibits
a mass dependence. To do this, we extended the ratio model from
Section 3 to include a power-law scaling between lensing and X-
ray masses (again including intrinsic scatter), and model the in-
trinsic distribution of X-ray masses as a sum of Gaussians (see
Section 2.4). We used the mean X-ray mass as the pivot point for
the power-law. A power law index of � = 1 indicates no mass de-
pendence and reduces to the original ratio model. Figure 4 shows
the inferred power-law. The statistical 68% confidence interval for
the power law index, with all other variables marginalized over, is
� = 0.78+0.17

�0.14. The power law index � is less than unity at less than
2� significance. We therefore find no statistical evidence for a trend
with mass. 7

7 It is an interesting to note that when we consider the “relaxed WtG” plus
the marginal cluster samples, the power law index � is measured to be � =
0.69±0.13, which is less than unity at more than 2� significance. However,
it is hard to interpret this measurement without a more robustly defined
sample.

We next check for an explicit redshift dependence in the lens-
ing to X-ray ratio. We extended the ratio model from Section 3 to
include a term linear in cluster redshift, such that ln ML

2500/M
X
2500 =

↵ + �z, using the mean redshift as the pivot point in the fit. We
measured a best fit slope of �0.80+0.76

�0.69, i.e. a decreasing mass ra-
tio towards higher redshifts. However, the results are statistically
consistent with a constant value at approximately 1�.

5 AVERAGE CONCENTRATION OF MASSIVE,
RELAXED CLUSTERS

The mass–concentration relation for massive halos influences
the measured lensing to X-ray mass ratio (as discussed in Sec-
tion 4.3.2). It also reflects the formation history of halos and carries
some weak information on cosmology (Ludlow et al. 2013; Wech-
sler et al. 2002). By design, the WtG mass measurements are mini-
mally sensitive to assumptions about the cluster concentration (Sec-
tion 4.3.2) However, some partial sensitivity is still present, which
we use here to measure the average concentration of the massive,
relaxed clusters in our sample.

As opposed to the rest of this study, for this exercise we jointly
fit the concentration of six clusters with P (z) measurements. We
limit ourselves to the P (z) clusters to avoid systematic uncertain-
ties from the “contamination correction” required in the color cut
analysis (see Applegate et al. 2014). The contamination correction
alters the slope of the shear profile, and is therefore degenerate with
the measured concentration. We also remove the prior on concen-
tration from Section 2.3.

Since we designed our measurements to be insensitive to con-
centration, we do not expect to measure the concentration of indi-
vidual clusters with any useful precision. In addition, we expect ad-
ditional noise from triaxiality and large-scale structure (Bahé et al.
2012). We therefore simultaneously model the population of clus-
ters to measure an average concentration. We assume that the con-
centrations of clusters will have a log-normal scatter around the
average concentration. Specifically, our model consists of a mass
(M(< 1.5Mpc)) and concentration for each cluster, the mean of
the log-normal distribution of concentrations, µc, and the scatter in
concentration measurements, �c. We assume flat priors on µc and
�c, and restrict �c to the range [0.286, 0.318], based on the largest
mass bin reported in the simulation results of Bahé et al. (2012).

We measure the average concentration to be µc = 3.0+4.4
�1.8.

While hardly discriminatory, this fit is consistent with our adopted
prior on the concentration (µc = 4.6) for measuring individual
masses of clusters in previous sections.

Other groups have shown that WL observations can in prin-
ciple achieve up to 10% precision on average concentration mea-
surements for an ensemble of clusters (Okabe et al. 2013). How-
ever, this precision requires fitting NFW halo models to small radii
(typically ⇠ 150kpc). At these radii, the measured shear from these
massive clusters exceeds g ⇠ 0.1, and often exceeds g ⇠ 0.3 (see
example shear profiles in von der Linden et al. 2014a), while shear
measurement codes have only been rigorously calibrated to shears
of g ⇠ 0.05 (Bridle et al. 2010; Kitching et al. 2010; Massey et al.
2007). Extending the shear calibration to this regime is an ongoing
e↵ort (LSST Dark Energy Science Collaboration 2012).

MNRAS 000, 1–13 (2015)

Applegate et al. 2016

X-ray vs. weak lensing masses of galaxy clusters

X-rays: total masses potentially biased due to non-thermal support. 
Weak lensing: individual masses may be biased due to line-of-sight substructure, but 

average over a sample of systems should be unbiased(!) 
Potentially very powerful tool to determine how far from hydrostatic equilibrium the X-ray 

plasma is! 
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Figure 9: Examples of cluster data used in recent cosmological work. Top: Measured mass functions of
clusters at low and high redshifts are compared with predictions of a flat, ΛCDM model and an open model
without dark energy (from Vikhlinin et al. 2009b). Bottom: fgas(z) measurements for relaxed clusters are
compared for a Ωm = 0.3, ΩΛ = 0.7, h = 0.7 model (left, consistent with the expectation of no evolution) and
a Ωm = 1.0, ΩΛ = 0.0, h = 0.5 model (right; from Allen et al. 2008). For purposes of illustration, cosmology-
dependent derived quantities are shown (mass and fgas); in practice, model predictions are compared with
cosmology-independent measurements.

cosmological models. In particular, an open universe with no dark energy clearly under-predicts the evolution
of the mass function over the redshift range of the data.

The optically selected maxBCG sample (Koester et al. 2007) employed by Rozo et al. (2010) probes a
different part of the cluster population; it is restricted to lower redshifts than the X-ray samples described
above (0.1 < z < 0.3), but extends to lower masses (M500 > 7 × 1013 M⊙). This lower effective mass limit,
which changes less strongly with redshift compared to X-ray surveys, makes the maxBCG sample significantly
larger than the others, with > 104 clusters divided into 9 bins based on optical richness. Mean masses for 5
richness ranges were estimated through a weak gravitational lensing analysis of stacked clusters, providing
information from which to constrain the richness–mass relation. The cosmological analysis accounts for the
covariance between cluster counts in each richness bin and the mean lensing mass estimates.

The results obtained by these three groups on flat ΛCDM and constant w models are summarized in
Table 2. Note that, for the two works which fit w models, the results on Ωm and σ8 are dominated by the
low-redshift data and so are not degraded noticeably by the introduction of w as a free parameter; thus all
three sets of constraints are directly comparable. The agreement between the different works, as well as
others listed in Table 2, is encouraging; in particular, the close agreement in the constraints on σ8 reflects
the relatively recent convergence in cluster mass estimates using different techniques, and our improved
understanding of the relevant systematics (Section 3.3; see also, e.g., Henry et al. 2009). Importantly, the
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How much mass are we missing?

Allen et al. 2008

Ratio of X-ray gas mass to total mass in 
massive, relaxed clusters of galaxies at 

r2500: ~11% (it should increase by at most a 
few % out to the virial radius)  

+recall, optical light is about 10-12% of the 
X-ray gas mass 

—> ~85% must be dark matter!

Massive clusters of galaxies are large enough that they should contain a 
representative fraction of dark to luminous matter



In summary: many different observations corroborate the fact that there 
seems to be a lot more gravitating mass in galaxies and galaxy clusters 

compared to the total mass of matter that emits electromagnetic radiation. 
This is called “dark matter”.

Or can we simply modify the long-range behaviour of the gravitational 
force to account for the observations?  

“MOND” — Modified Newtonian Dynamics (M. Milgrom, 1983) 
!

Gravitational force has never been tested experimentally in the very weak regime. We know 
that it behaves differently than the Newtonian limit in the strong gravity regime. What if there 

is a new fundamental constant a0 which marks the transition between the Newtonian 
dynamics and a new, modified behaviour only seen at very low accelerations? 

FN=mμa; μ=μ(a/a0);  
μ is a function to be specified, with μ(x)→1 for x>>1  

!
Trouble #1: the modifications needed to fix galaxy rotation curves then cannot explain the 

gravitational potential of galaxy clusters.



Spatial distribution of dark vs. luminous matter

Bullet Cluster (Clowe et al. 2006) 
Most of the visible mass is in X-rays (pink) 

Most of the gravitating mass (from weak lensing) is elsewhere! (blue) 
Scenario: during the merger, X-ray gas interacts dissipatively and slows down. Dark matter 

and galaxies are collision-less and overtake the X-ray gas. 
Impossible to put most of the gravitational potential at a different place from most of the mass 

just by modifying long range behaviour of gravitational force.



Abell520MACSJ0025.4-1222

Abell2744

DLSCL J0916.2+2951

self-interaction cross section 
σ/m< a few cm2/g



The dark skeleton of the cosmic web

Werner et al. 2008 Dietrich et al. 2012



Dark matter and the evolution of large-scale structure

Two possibilities: “cold dark matter” and “hot dark matter”  
(depending if the DM particles were relativistic or not when the universe was 

approximately one year old and the cosmic particle horizon contained the mass of one 
typical galaxy) 

!
• Different types of dark matter form structure differently! 
!

• Baryonic dark matter is coupled to radiation, structure cannot grow prior to the 
recombination 
!

• Fluctuations can be erased or damped by sound waves (this is also called the 
Meszaros effect, important for CDM) or by free streaming of relativistic particles 
(HDM or photons). 
!

• Smaller fluctuations are always erased first.



Damping of Fluctuations!
The primordial (H-Z) spectrum!

Sound waves 
diminish the 
strength of small 
scale fluc’s for 
the CDM case !

Relativistic 
streaming and 
photon diffusion 
erase them 
completely for 
the HDM case!

Dark matter and the evolution of large-scale structure
Primordial (Harrison-Zel’dovich) fluctuation power spectrum

Sound waves damp small 
scale fluctuations

Relativistic streaming and 
photon diffusion (Silk 

damping) cause an even 
stronger damping 

CDM: structure formation proceeds hierarchically (bottom-up). 
Smallest haloes, e.g. galaxies, collapse first. 

Hot dark matter scenario disfavoured because if damping of small scale fluctuations is too 
strong, structure forms by fragmentation (top-down), so superclusters would form first.



CDM HDM  
(initial power spectrum truncated due to 
free streaming)

Note: ‘substructure problem’ — currently too few small satellite galaxies are known in the 
Local Group compared to CDM predictions. Perhaps some small fraction of DM being in hot 

or warm phase still allowed.



The fact that DM particles are collisionless, non-dissipative (and 
probably nonrelativistic), interact only through gravity, and are 
the dominant mass component in the Universe has made it 
possible to understand a lot about the distribution of dark matter 
through analytical arguments and N-body simulations.



Number density of dark matter haloes: the Press-Schechter formalism

Idea: 
!
Assume distribution of initial perturbations is Gaussian and smooth with 
filter with a comoving smoothing length R.  
!
Evolve δR(x) linearly to the present day; wherever the amplitude is large 
enough, the sphere of radius R will have collapsed according to the 
spherical collapse model. 
!
The abundance density of peaks in δR that can collapse at any z is 
related to the comoving number density of haloes n(M,z). 
!
For initial spectrum P(k)∝ kn (valid for R>~16Mpc)

M*(z) is a z-dependent threshold (the mass where the density threshold required for 
collapse is equal to the dispersion of fluctuations on that mass scale)



The Press-Schechter mass function

Sheth & Tormen (2001) calculated a correction for ellipsoidal rather than 
spherical collapse. The analytical calculation results give:

Note: hierarchical structure formation! Smaller objects form first.

Angulo et al. 2012



Profile of dark matter haloes

Numerical simulations showed that haloes seem to have a universal 
density profile (Navarro, Frenk & White, 1997 — NFW model) with two 

free parameters, a normalisation and a scale radius:

The “concentration” parameter is defined as 

such that ρ(r) can be written in terms of Rvir and c.  
For Rvir=r200 and x=r/r200
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Fig. 3.— Stacked tangential shear profile of all 50 clusters in units of projected mass density, where different cluster and background galaxy
redshifts galaxies are weighted by the lensing kernel (Mandelbaum et al. 2006; Okabe et al. 2010; Oguri & Takada 2011; Umetsu et al.
2011). The projected radius is computed from the weighted mean cluster redshift (zcluster ≃ 0.23). The solid, dashed, dotted and dashed-
dotted curves are the best-fit Navarro-Frenk-White (NFW), singular isothermal (SIS), generalized NFW (gNFW) and Einasto profiles,
respectively. The lower panel shows the result of the 45◦ test for systematic errors. Right – Stacked weak-lensing constraints on the mass
and concentration of a complete volume-limited sample of 50 galaxy clusters at ⟨z⟩ = 0.23. The white cross denotes the best-fit parameters
and the contours show the 68.3%, 95.4%, and 99.7% confidence levels. Note that the predicted relations have all been converted to be
consistent with our analysis.

Stacking procedure: radial bins – We construct synthetic
weak shear catalogs based on analytic NFW halos that
match the mass-concentration relation predicted from
numerical simulations. These catalogs match the ob-
served number density and field of view of our Subaru
data. We draw 300 samples of 50 clusters from the pre-
dicted cluster distribution, and stack the respective shear
profiles in both physical length units (as in Section 3.1)
and length units scaled to r200 of each halo. We do not
detect any bias in the measured mean concentration of
the stacked clusters, obtaining ⟨c/ctruth⟩ = 1.02±0.07 for
stacking in physical length units, and find ⟨c/ctruth⟩ =
1.08 ± 0.07 for re-scaled length units. In both cases we
obtain ⟨M/Mtruth⟩ = 0.96 ± 0.06; the uncertainties are
the standard deviation on the 300 samples of 50 clus-
ters. The non-detection of a systematic error arising from
stacking in physical units is consistent with Ok10’s result
that their mass-concentration relations from individual
and stacked clusters (using physical length units) are
self-consistent. We also note that stacking in re-scaled
length units weights the contribution of each cluster to
each bin in a nonlinear and model-dependent manner:

w ∝ θ∆θ ∝ r2200 ∝ M2/3
200 .

Real clusters are aspherical, embedded in the large-
scale-structure, and contain baryons. As numerical hy-
drodynamical simulations become more realistic, robust
tests based on simulated clusters should therefore become
possible. We conduct a preliminary test using clusters
extracted from the new “Cosmo-OWLS” simulation, that
implements the AGNmodel described in McCarthy et al.

(2011) in a 400 h−1Mpc box, with weak-lensing catalogs
constructed following Bahé et al. (2012). The results are
consistent with the analytic NFW tests – i.e. we do not
detect any systematic error on the measurement of con-
centration based on stacking in physical length units.

Stacking procedure: centering – We also checked whether
the results are affected by adopting the BCG as the cen-
ter of each cluster, by adding an off-centering parameter
σRoff

to the models following Johnston et al. (2007). The
best-fit Mvir and cvir are unchanged, and we obtain an
upper limit of σRoff

< 29 h−1kpc.

3.3. Comparison with Okabe et al. (2010)

We fit an NFW model to Ok10’s stacked red+blue cat-
alog and our own stacked red galaxy catalog for the 21
clusters in common between the two studies, finding that
our mean masses and concentrations are ∼ 14 − 20%
and ∼ 15 − 17% greater than theirs (Table 2). The
main differences between Ok10 and our analysis relate
to color-selection of background galaxies, and their shape
measurement methods (§2). We attribute the differences
between our respective mass measurements mainly to a
combination of (1) contamination of Ok10’s blue galaxy
sample at large cluster-centric radii and (2) systemat-
ics in Ok10’s shape measurement methods. We attribute
the differences between the respective concentration mea-
surements mainly to contamination of Ok10’s red galaxy
catalog – their less conservative red color cut (⟨∆C⟩ =
0.33) leads to an overall ∼ 5% contamination by galaxies
that preferentially lie at small cluster-centric radii (see

Profile of dark matter haloes: comparison to observations

Okabe et al. 2013

Black data points: stack of weak 
lensing signal from 50 clusters of 
galaxies based on observations 

with the Suprime-Cam on the 
Subaru Telescope

(singular isothermal sphere:)



What is dark matter?

We are looking for Cold Dark Matter: 
Invisible (no electromagnetic interactions) 

Collisionless 
Stable 

Preferably cold (currently v < 10-8 c)

Baryonic DM candidates: !
MACHOs (massive compact halo objects), for example black holes, 
neutron stars, brown dwarfs, unassociated planets. 
!
Non-baryonic DM:!
axions!
WIMPs (weakly interacting massive particles) 
sterile neutrinos (not cold)



Search for MACHOs: Gravitational microlensing
Optical Gravitational Lensing Experiment (OGLE) 

MACHO collaboration 
EROS2 ('Expérience pour la Recherche d'Objets Sombres’) 

all using different telescopes to target mainly the Magellanic Clouds and Galactic bulge. 
Constraints in the range 0.3 lunar masses to 100 solar masses.

MACHO collaboration claimed enough detections (around 0.5 Msun) to account for about 
20% of DM in a typical galaxy’s DM halo (Alcock et al. 2000), later not supported by EROS2

Some MACHOs do exist, 
but cannot be dominant 

component of DM 
(see Big Bang 

nucleosynthesis and CMB 
fluctuations topics in 

Lectures 6,7)



The Standard model of particle physics

The standard model explains how the 
basic building blocks of matter interact, 

governed by the nuclear, weak, and 
electromagnetic force, and classifies the 

known subatomic particles.

Theory of almost everything: 
No grand unification 

No gravity 
Why do neutrinos have mass? 

Why three particle generations? 
Why are there so many more  
particles than antiparticles?

Popular extensions of the SM: 
Supersymmetry (SUSY) 

Kaluza Klein (extra dimensions) 
Peccei-Quinn Theory (axions) 

etc. etc. etc.



Dark matter candidate zoo

WIMPs: thermal production 
mechanism (were in thermal 

equilibrium with the Universe, then 
“froze out” when the temperature 

dropped due to expansion) 
!

Axions: non-thermal production 
(produced during a phase 

transition). Initially proposed to 
solve “strong CP problem” (why is 

there no CP violation in QCD?)



WIMPs

Favoured model because of the “WIMP miracle”:  
suppose that a WIMP particle X exists, and it stayed in thermodynamic 
equilibrium with the rest of the Universe, at early times, long enough to 

become nonrelativistic. Its equilibrium number density is then determined 
by the Boltzmann factor:
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This number density decreases as the universe cools off and T goes 
down, until at T~0.05mX the interaction rate becomes too small to 

keep them in equilibrium (“freeze out”) and then the comoving 
density just remains constant. If mX~300 GeV, the resulting density 

naturally gives the right amount of dark matter!



Supersymmetry:  
• suppose that for every known particle there is a supersymmetric superpartner, 

whose spin differs by a half integer (every boson has a fermionic partner and vice 
versa).  

• The superpartners of the Z boson (zino), the photon (photino) and the neutral 
higgs (higgsino) have the same quantum numbers, so they can mix to form four 
eigenstates of the mass operator called “neutralinos”.  

• The lightest of the four should be stable, and is a good candidate of DM. Other 
options:  sneutrino (spin 0) or gravitino (spin 3/2)

Particle theories that predict WIMPs (examples):

Kaluza Klein Theory:!
• Initially invented to try to unify gravity and electroweak force 
• 1921: Kaluza proposed to add a 5th dimension to GR; the equations could be 

separated into the Einstein equation and Maxwell's equations + an extra field (the 
„radion“) → new particle (forgotten and picked up again in 1998).  

• Idea: „Gravity is not weak but some of its flux is lost in the extra-dimensions“. 
Initially, Standard Model confined to 3+1D and only gravity extended into extra 
dimensions (“ADD model”, N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, 1998) 

• If SM fields propagate into extra dimensions too, KK-parity is conserved 
(corresponds to the symmetry of reflection about the midpoint in the extra 
dimension). SM particles all have KK parity of 0 and lightest KK particle with KK 
parity of 1 is stable.



Search for WIMPs: direct detection
Idea:  
• WIMPs are weakly interacting but nevertheless the cross 

section of interaction with matter is nonzero.  
• Experiments were built to search for their scattering off of 

atomic nuclei. 
• Detectors need to be placed in well shielded labs deep 

underground to avoid background of cosmic rays. 
• Due to Earth’s orbit around the Sun, our velocity relative to the 

Galaxy changes over the year; if we detect WIMPs from the 
Galaxy’s DM halo, the rate of detection should change 
accordingly.



DAMA/LIBRA: 25 highly 
radiopure scintillating thallium-
doped sodium iodide crystals,  
at Laboratori Nazionali del 
Gran Sasso in Italy. Sealed 
copper box flushed with highly 
pure nitrogen, surrounded by 
a low background multi-ton 
shield and 1 m of concrete.

CDMS: array of semiconductor detectors at millikelvin 
temperatures, located at the Soudan Mine in northern 

Minnesota. 
Ratio of ionization signal to phonon signal differs for 
particle interactions with atomic electrons ("electron 

recoils”; most background particles) and atomic nuclei 
("nuclear recoils”, WIMPs, neutrons).

LUX (Large Underground Xenon):370 kg liquid xenon detection mass 
in a time-projection chamber in the Homestake Mine (South Dakota). 

Interactions in liquid xenon generate 175 nm ultraviolet photons 
(detected as S1) and electrons (detected later, S2).



Results currently still controversial

CDMS ruled out DAMA/CoGeNT claimed detections, later claimed 3 WIMP detections with 
expected background of 0.7 (3σ confidence), still to be confirmed



Alternatives: LHC

WIMPs could be produced in collisions at the LHC, but would not be 
caught by the detectors (because they are weakly interacting). If they have 

a lifetime of more than 10-7 seconds, they can be inferred indirectly from 
the rest of the detected particles, as a missing mass/momentum term.



Indirect astrophysical searches
Idea: in the simplest form, WIMP can be its own antiparticle and two WIMPs can annihilate. 
These events were common in the early Universe, but now are concentrated in the densest 

regions (annihilation rate ~n2) 
!

Results of annihilation: two high-energy photons, two neutrinos, particle/antiparticle pair

AMS (Alpha-Magnetic Spectrometer on ISS) 
confirmed excess of positrons first seen by 

PAMELA (Payload for Antimatter Matter Exploration 
and Light-nuclei Astrophysics) above ~tens of 
GeV and detected first hints it is decreasing at 

high energies (shape of positron fraction depends 
if excess comes from pulsars or DM)

Neutrinos: IceCUBE should start to probe 
interesting regions of parameter space 



Limits on dark matter annihilation from high-energy gamma rays 
(Fermi LAT + Cherenkov Telescopes)

Indirect astrophysical searches



Sterile neutrinos

• We know that neutrinos exit, and that they have a mass 
 → the only solid lab evidence for beyond SM physics 
• Normal neutrinos can make up the entire energy content of the 

Universe if the sum of the masses of the three neutrino species is 
44eV (current limit <0.63 eV) 

• But why are neutrino masses so small? What if neutrino masses 
come from existence of new unseen particles (heavy ‘sterile 
neutrinos’).  

• Neutrino mass matrix (M~EW scale, B~GUT scale, B>>M): 

• “Seesaw mechanism”: |M | is the geometric mean of the 
eigenvalues, so if one mass goes up, the other goes down. 

• Sterile neutrino would be warm Dark Matter (cannot account for 
all DM) with mass in the O(10keV) range — X-rays!

with eigenvalues i.e. B and -M2/B



Sterile neutrinos in spectra of galaxy clusters
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But: signal in the Perseus Cluster 
core alone much higher than 
expected from scaling stacked 
signal assuming DM origin.

Bulbul et al. 2014 claimed a detection of a 
3.57 keV unidentified line in a stacked 

spectrum of a sample of clusters of 
galaxies observed with XMM-Newton — 

two photon decay of a ~7 keV sterile 
neutrino? 

Their signal was much stronger in the 
Perseus Cluster than expected based on 
its dark matter content compared to rest 

of sample.

For the flux measured with CCD 
spectra for the Perseus Cluster 

core: 
broad line excluded at 99% 

confidence 
narrow line excluded at 99.7 % 

confidence 
!

Signal from stacked cluster sample 
too weak to be excluded.

Hitomi collaboration 	
2016 submitted

Hitomi SXS did not confirm detection of 
Perseus Cluster signal



Essay topic suggestions

Very challenging bonus topic: discuss in your own words the recent news of a new theory of 
gravity that may explain observations without dark matter 

http://phys.org/news/2016-11-theory-gravity-dark.html

1) Discuss in more detail the examples of mergers of clusters of galaxies that show a 
difference between the location of the X-ray peak and dark matter peak. How/when 

were they discovered? What are the merger scenarios and geometries? What are the 
challenges in interpreting these systems? 

!
2) Recently, it was discovered that DM haloes do not exactly follow an NFW profile in the 

outermost parts (there is a so-called “splash-back radius” depending on recent levels 
of accretion). Describe this result from numerical simulations, and observations that 

support it [contact me for references] 
!

3) Describe in more detail any dark matter detection experiment of your choice, and its 
current results (if already operational) or projected performance (if planned future 

experiment) 
!

4) Discuss the importance of SN Refsdal for constraining strong lensing models

http://phys.org/news/2016-11-theory-gravity-dark.html

