
Lecture III 
The Cosmic Web!

what does our Universe look like on the largest 
scale?
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“Large-scale structure” refers to spatial scales larger than single galaxies: 
superclusters, clusters, groups, filaments, walls, voids



What structure is our own Galaxy embedded in?

The Local Group



What structure is our own Galaxy embedded in?

The Virgo Supercluster:  
a ~ 60 Mpc flattened structure, centered on the Virgo Cluster; the Local Group is at the 

outskirts. We are falling towards Virgo with ~ 300 km/s, and will get there in about 10 - 15 Gyr





The Laniakea Supercluster 
find locations where peculiar velocity flows diverge, rather than defining 

structures based on galaxy number overdensity 
R. Brent Tully et al. Nature 513, 71 (2014)

What structure is our own Galaxy embedded in?



Redshift surveys

To map and quantify the LSS (and compare with theoretical predictions), 
we need redshift surveys: mapping the 3-D distribution of galaxies in 
space (2D position on the sky plus redshift used as distance indicator)

The 2dF (2 degree Field) redshift survey done with the 3.9-m 
Anglo-Australian telescope from 1997-2002 
– Redshifts of ~ 250,000 galaxies with B < 19.5 mag, covering 5% 
of the sky reaching to z ~ 0.3

The Sloan Digital Sky Survey (SDSS) done with a dedicated 
2.5-m telescope at Apache Point Observatory in New Mexico 
– Multicolor imaging to r ~ 23 mag, and spectra of galaxies down 
to r < 17.5 mag, reaching to z ~ 0.7; final data release covers 35% 
of sky and spectra from 3 million objects



The 2dF Galaxy Redshift Survey



How do we quantify Large-Scale Structure?

If galaxies are clustered, they are “correlated”. This is usually quantified using the  
2-point correlation function, ξ, defined as an “excess probability” of finding 
another galaxy at a distance r from some galaxy, relative to a uniform random 
distribution.
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Let n̄ be the average number density of galaxies. The probability of finding

a galaxy in the volume element dV is:

P1 = n̄dV

The probability of finding a galaxy in the volume element dV at location x and

another galaxy at location y is:

P2 = (n̄dV )

2
[1 + ⇠(x,y)]

If the galaxies are uncorrelated, P2 = (P1)
2
and ⇠ = 0. For a statistically

homogeneous and isotropic universe, ⇠ can only depend on r = |x� y|.
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E. Hawkins et al. 2003, MNRAS 346,78

Correlation function measured by 2dF
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Roughly a power-law

For galaxies of 
average brightness, 
r0~5Mpc and γ~1.7 

!
Βrighter galaxies are 

clustered more 
strongly than fainter 

ones; redder galaxies 
are clustered more 
strongly than bluer 

ones (this is related to 
galaxy evolution!)



How do we quantify Large-Scale Structure?
An alternative description of the statistical properties of a random field is the  
Fourier power spectrum, P(k). The larger P(k), the larger the amplitude of fluctuations 
on length scale L=2π/k.  
!
The density fluctuations are decomposed into a sum of plane waves of the form
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P(k) describes the mean of the squares |ak|2 of the amplitudes, averaged over all |k|=k. 
P(k) and the correlation function are related through a Fourier transform. 

2dF measurement of P(k) 
W.J. Percival et al., MNRAS 337, 

1068 (2002)

Of course P(k) and  
ξ (r) depend on 

cosmic time! 



Challenges in quantifying Large-Scale Structure via  
power spectra and correlation functions, I

Very different images can have the 
same power spectrum! 
!
Knowing only the power spectrum is 
sufficient to fully describe a random 
field ONLY in the special case of a 
Gaussian random field !
(δ(x) is Gaussian) 
!
The phase space information 
(ensemble of peculiar velocities) is 
important, in addition to the spatial 
distribution.



Challenges in quantifying Large-Scale Structure via  
power spectra and correlation functions, II

• brighter galaxies are clustered more strongly than fainter ones; 
redder galaxies are clustered more strongly than bluer ones 

• density fluctuations in mass and in light are not necessarily the 
same! (so-called “galaxy biasing”)

Smaller fluctuations ride atop of the larger density waves, 
which lift them up in bunches; thus the highest peaks 
(densest fluctuations) are clustered more strongly than the 
average ones. This bias gets stronger at higher redshifts!

Le Fevre et al.



Large-scale structure formation and evolutionStructure Formation and Evolution!
From this  (Δρ/ρ ~ 10 -6)!

to this !
(Δρ/ρ ~ 10 +2)!

to this!
(Δρ/ρ ~ 10 +6)!



Equations of motion of uniform expanding universe

to account for expansion with time, it is useful to  
transform to comoving coordinates  

r=a(t)x; v=dr/dt=(ȧ/a)r+u!
Hubble’s law: v= Hr, thus H=ȧ/a and !

u is the peculiar velocity expressed in comoving coordinates   
a(t) is called the “scale factor"

Now, consider the evolution of a spherical volume of radius L(t)=L0a(t) (if we choose small L 
then GR corrections become small and we can use Newtonian dynamics). Expansion will 

slow down because of gravitational pull of matter inside sphere:
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so, in a matter dominated Universe, we obtain 

(deceleration must be non-zero!  
Here is where Einstein added his cosmological 

constant term at first to force ä to be 0)

�0
=

(c+v)T0p
1�v2/c2

=

p
1+�p
1��

�0

�0
= (1 + z)�0 =

p
1+�p
1��

�0

Let n̄ be the average number density of galaxies. The probability of finding

a galaxy in the volume element dV is:

P1 = n̄dV

The probability of finding a galaxy in the volume element dV at location x and

another galaxy at location y is:

P2 = (n̄dV )

2
[1 + ⇠(x,y)]

If the galaxies are uncorrelated, P2 = (P1)
2
and ⇠ = 0. For a statistically

homogeneous and isotropic universe, ⇠ can only depend on r = |x� y|.
�(x) = ⌃akcos(x · k)

✏↵⌫ =

32⇡Z2e6neni

3mec3

r
2⇡

3kBTme
e�h⌫/kBT gff (T, ⌫)

✏↵⌫ is flat for h⌫ << kBT and exponentially decreasing for h⌫ > kBT .
�TSZ
TCMB

= f(⌫)yc

⇠(r) =
⇣

r
r0

⌘��

@⇢
@t +r · (⇢v) = 0

@v
@t + (v ·r)v = �rP

⇢ �r�

r2
� = 4⇡G⇢� ⇤

d2L

dt2
= �GM

L2

V = 4⇡
L3

3

⇢ = ⇢m +

u

c2
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with respect to a point in time where we know the density to be ρ0
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Integrating once with respect to time (multiply both sides by 2ȧ):
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2ȧ
a2 = � 8⇡G⇢0a

3
0

3 d(�1/a)/dt
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integration constant

The meaning of k: 
• RHS must be greater than zero. If k > 0, then there is a maximum value of a at which 
the expansion turns around and collapse begins. This is a closed Universe. 
• If k < 0, expansion rate eventually tends to a constant determined by the value of k - 
an open Universe. 
• If k = 0, expansion slows but never reverses - a flat Universe.
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(remember, these equations are valid only for 
uniform density, matter dominated case!)
For k=0, a∝t2/3!

And we can define the critical 
density (such that k=0) and 
remembering that H=ȧ/a



Spherical collapse

size

time

expansion of the flat
background universe

closed universe solution
for exact spherical 
symmetry

solution for a realistic
overdensity with some
aspherical perturbation

Schematic evolution:
• Density contrast grows as universe expands
• Perturbation `turns around’ at R = Rturn, t = tturn
• If exactly spherical, collapses to a point at t = 2 tturn
• Realistically, bounces and virializes at radius R = Rvirial

ASTR 3830: Spring 2004

expansion of flat background universe

Imagine a spherical volume of the universe which is slightly denser than the background. 
How will this overdense region evolve with time as the Universe expands? 

 gravitational force inside a sphere depends only on the matter inside 
(GR Birkhoff’s theorem): overdense region behaves exactly like a small 

closed Universe!

closed universe solution 

collapse and virialization

!
by symmetry arguments, the collapse finishes at 2*tturnaround  

At this time, the background density compared to ρbkg,turn has 
decreased by a factor of (22/3)3=4 (following solution for k=0).

tturnaround



Can show using virial theorem ( <PE> + 2 <KE> = 0) and  
-GM/Rturn=-GM/Rvir+<KE> 

that Rvirial=1/2 Rturn 
so the density at collapse increases by 8 compared to ρsphere,turn. 

!
Can further use the solution for a closed matter dominated universe with 
k>0 (not derived here) to show that the density contrast at turnaround is  

ρsphere,turn/ρbkg,turn=9π2/16 
!

So, at virialization, ρsphere,vir/ρbkg,vir= 9π2/16 *8*4 ~ 180

Spherical collapse

ρsphere,vir/ρsphere,turn ρbkg,turn/ρbkg,vir

Very common to use r180 or r200 as definition of “virial radius” of a halo, 
meaning “the radius within which the average density is 180 or 200 times 

the critical density of the Universe at the redshift of that system”



Non-spherical collapseNon-Spherical Collapse!
Real perturbations will not be spherical.  Consider a collapse of an !
ellipsoidal overdensity:!

•   Perturbation first forms a “pancake”!
•   Then forms filaments!
•   Then forms clusters!

This kinds of structures are seen both in numerical simulations 
of structure formation and in galaxy redshift surveys!

The expansion turns into collapse along the 
shortest axis first …!

Then along the intermediate axis!

Then along the 
longest axis!

“Zeldovich pancake”



A “Cosmic Cube” Simulation by A. Kravtsov!



Basic principles of N-body simulations

• Mass distribution represented by a set of “macroscopic” particles of 
equal mass M, which interact only through gravity(!). Modern 
simulations have 10243 or more particles. 

!
• Choose co-moving size of simulated volume (should be considerably 

larger than the structure to be simulated, several hundred Mpc for LSS) 
!
• Choose boundary conditions (usually periodic) 
• Choose initial conditions: typically Gaussian random field calculated to 

match cosmological model 
• Choose cosmology (vacuum energy, density of gravitating matter) 
!
• Equations of motion: for the nearest neighbour particles, gravitational 

force is computed directly, but the rest of the particles are interpolated 
onto a grid and a Fast Fourier Transform is used to compute the force 
field.



http://wwwmpa.mpa-garching.mpg.de/millennium/

Millenium Simulation (2005)!
500 Mpc box 
5 kpc resolution 
21603 particles 
8.6e8 Msun per particle 
(several hundred  
particles per  
galaxy) 
one of the  
highest  
scientific  
impact  
simulations

Millenium XXL (2010)!
3000 Mpc box  

(entire observable Universe) 
67203 particles 

300 years of CPU time

http://wwwmpa.mpa-garching.mpg.de/millennium/


Large-scale structure formation and evolutionStructure Formation and Evolution!
From this  (Δρ/ρ ~ 10 -6)!

to this !
(Δρ/ρ ~ 10 +2)!

to this!
(Δρ/ρ ~ 10 +6)!

We are doing well!



Large-scale structure formation and evolutionStructure Formation and Evolution!
From this  (Δρ/ρ ~ 10 -6)!

to this !
(Δρ/ρ ~ 10 +2)!

to this!
(Δρ/ρ ~ 10 +6)!

What about the next step?



Zoom-in to the 
Millennium II 
simulation 

Boylan-Kolchin et 
al. 2009



The most prominent structures in the cosmic web
• Galaxy clusters are the largest galaxy overdensities in the cosmic 

web. Typically 100s to 1000s of luminous galaxies over volumes a few 
Mpc across (by comparison, 3 galaxies in the Local Group that is 
similar in size). 

• Less massive than superclusters (which are not yet virialized) and 
more massive than groups of galaxies. Usually close to virial 
equilibrium. Higher fraction of elliptical galaxies than in groups.

Abell 383

• The space between the 
galaxies is filled with 
diffuse, X-ray emitting 
plasma with typical 
temperatures of 107 to108K 
and densities 10-2 to 10-4 

cm-3 (best vacuum on 
Earth has 100 atoms per 
cubic centimetre!!!) 



Why do clusters emit X-rays?

The dominant emission mechanism is optically thin bremsstrahlung 
from a collisionally ionised hot gas. Electrons are accelerated in the 
Coulomb field of protons/nuclei and emit radiation. From the spectrum 
of this X-ray emission, the density and temperature can be determined. 

The emitted power per unit volume per unit frequency is:

gff is a dimensionless quantum mechanical correction factor of order 1, called “Gaunt factor”
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1. free-free emission

2. free-bound emission
recombination radiation caused by the capture of an electron by an ion 
following ionization.

Both processes generate continuum radiation



3. bound-bound emission
Emission at specific energies corresponding to the transition between an upper shell and a 
lower shell of a particular ion in the plasma.  
!
Generates line emission, with the exception of the radiative transition from the 2s to the 1s 
state, which is completely forbidden by angular momentum conservation, but can happen 
as very slow two-photon process (continuum spectrum). 
!
Ratio of line strengths, in addition to shape of continuum, is a temperature diagnostic.

Why do clusters emit X-rays?
X-ray spectroscopy of galaxy clusters 135
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Fig. 6 X-ray spectra for solar abundance at different plasma temperatures. The continuum contributions
from bremsstrahlung (blue), recombination radiation, characterized by the sharp ionization edges (green),
and 2-photon radiation (red) are indicated. At the highest temperatures relevant for massive clusters of gal-
axies bremsstrahlung is the dominant radiation process (from the work described in Böhringer and Hensler
1989). The major emission lines in the panels for the higher temperatures relevant for galaxy clusters are
designated by the elements from which they originate (The labels Fe-L ans Si-L refer to transitions into the
L-shell in ions of Fe and Si, respectively, and two other lines with roman numbers carry the designation of
the ions from which they originate involving transitions within the L-shells

emission from bremsstrahlung, recombination and two-photon transitions. We clearly
see the increasing dominance of bremsstrahlung with increasing temperature, which
reflects the fact that fewer ions retain electrons and the plasma is almost completely
ionized at the higher temperatures.

3 The study of the thermal structure of the intracluster medium

We have seen in the previous section that the shape of the spectrum for a thermal
equilibrium plasma is determined by the plasma temperature and the elemental abun-
dances. This is therefore the basic information we derive from the spectral analysis
of the ICM radiation: a temperature measurement and a chemical analysis. We con-
sequently illustrate in this, and the next chapter, the scientific insights gained from
temperature measurements from the state-of-the-art spectral analysis, and in Sect. 5
the lessons learned from the chemical analysis of the ICM.

123

Boehringer and Werner 2010

brems
rec

2-phot



Typical X-ray spectrum of a galaxy cluster 
(folded through instrumental response)

2A0335 (Werner et al. 2006)

XMM-Newton RGS XMM-Newton EPIC



The distribution of baryons in clusters of galaxies

From the bremsstrahlung emissivity, the density and mass of X-ray 
emitting gas can be calculated and compared to mass of stars seen in 

optical light 

reasons discussed below, we conclude that there is no compelling
case for undetected baryons in the groups and clusters in our sample.

We fit the behavior of the stellar and X-ray gas mass fractions
withmass as power laws (Fig. 2, top).Within r500, the stars result in
a relationship log f! ¼ (7:57 # 0:08)$ (0:64 # 0:13) logM500

and the plasma in log fg¼($3:87#0:04)þ (0:20# 0:05)logM500

for the sample of Vikhlinin et al. (2006).5 Note that while this fit
applies only to theVikhlinin et al. (2006) data set, the Gastaldello
et al. (2006) points in Figure 2 are consistent with this relation.
The behavior of the two components is clearly inverted. The plasma
component, which dominates at cluster masses >1014 M&, has a
shallower dependence on mass than the stellar component. We
use our best-fit relation for the stellar mass to convert the X-ray
gas fractions from Vikhlinin et al. (2006) and Gastaldello et al.
(2006) to total baryon fractions on a cluster-by-cluster basis. The
resulting total baryon fractions, shown in the bottom panel of
Figure 2, are independent of cluster mass over the range ofM500

from 6 ; 1013 to 1015 M&. If one considers only the statistical
uncertainties associated with our total cluster baryon fraction and
the WMAP measurement, then the two values are discrepant at
the level of 3.2 !.

There are three possible interpretations of this result in the
context of a full baryon accounting. First, systematic uncertain-
ties may be significantly larger than the random errors, and our
measurementmay therefore be consistentwith the universalWMAP
value. Because the gas mass fraction is much larger than the stel-
lar mass fraction over the majority of the mass range we probe,
we focus this discussion on potential errors in the gas mass frac-
tion. Systematic errors, by their nature, are often difficult to calcu-
late and can best be illuminated by comparing independent studies.
Zhang et al. (2007) and Rasmussen & Ponman (2004) provide
gas mass fractions for high- and low-mass systems, respectively.
Zhang et al. (2007) find gas fractions that are 15% larger than those
we adopted over the range probed by their sample. Rasmussen &
Ponman (2004) also find gas fractions that are larger than those
we adopted for comparably low mass systems. Together, these
two samples cover the mass range of our adopted sample and
result in an average fb ¼ 0:149, which is 2.1 ! discrepant with
the WMAP value and 12% larger than the fb we derive for the
Vikhlinin et al. (2006) data set. We conclude that indeed the sys-
tematic uncertainties dominate, that the sense of the uncertainty
works to diminish the discrepancy between measurements and
expectations, and that the case for undetected baryon compo-
nents rests on removing these systematic uncertainties. Second,
the baryon mass fraction with r500 in clusters may be different
from the universal value. Cluster simulations routinely predict
baryon fractions that are lower than the universal baryon fraction
by '10%. We have deliberately not adopted any of those as the
target because there are still a minority of simulations that predict
a baryon fraction larger than universal (e.g., Kravtsov et al. 2005).
Third, the shortfall may be resolved by yet undetected baryon
components. The constancy of the measured baryon fraction with
total system mass argues against a large undetected component,
but one could contribute at a modest level and bypass current
detection. In the end, all of these possibilities may contribute at
some level to a final resolution of the baryon accounting, but
at this point we are left to conclude that there is no compelling
evidence for undetected baryons.

We close this section by comparing our study to that of Lin
et al. (2003), who obtained a dependence of the baryon fraction
on cluster mass in conflict with our result. The range of masses
covered by the two studies is the same, and we both use r500 as
our fiducial radius, so the discrepancy is real. The most obvious
differences are our inclusion of the ICL component and our dif-
ferent normalization of the gaseous component. We model the
effect of including the ICL in their accounting by using our rela-
tionship for theBCG+ICLmass versus systemmass and ‘‘correct-
ing’’ their values of the baryon fraction on a cluster-by-cluster
basis.6 The relationship between baryon fraction and mass de-
creases from a '3 ! result in the original Lin et al. (2003) study
to a 1.8 ! result in the corrected case. Therefore, the inclusion
of the ICL explains part of the discrepancy between our result
and that of Lin et al. (2003), although apparently not all of it.
The lack of the ICL in the Lin et al. (2003) accounting was not an
oversight—they attempted to model the effect of the ICL in Lin
& Mohr (2004), but simply lacked data of the sort we present
here. While the exclusion of the ICL causes a relative under-
prediction of the contribution of stellar baryons for the lowest
mass systems, the Lin et al. adopted X-ray gas fractions, which
are'25% larger than ours and hence consistent with theWMAP
baryon mass fraction for the most massive systems, cause a rela-
tive overprediction of baryons in the highest mass systems. These

Fig. 2.—Top: Determination of cluster and group baryon fractions within r500
as a function ofM500 (bottom axis) and velocity dispersion (top axis). X-ray gas
mass fractions from Vikhlinin et al. (2006; circles) and Gastaldello et al. (2006;
triangles) and the stellarmass fractions (BCG+ICL+galaxies; squares) for systems
in our sample with masses that overlap the range shown for the X-ray studies.
All measurements are within r500. Overplotted are the best-fit relations for the
Vikhlinin et al. (2006) sample gas mass fractions and for our stellar mass frac-
tions. The WMAP 1 ! confidence region for the universal baryon fraction from
Spergel et al. (2006) is shown for comparison, and the right-hand axis shows Y,
the ratio of the baryon fraction for each component to the universal value from
WMAP. Bottom: The total baryon fraction derived for the Vikhlinin et al. (2006)
and Gastaldello et al. (2006) clusters if our best-fit stellar baryon relation is used
to estimate a stellar baryon contribution for each of these systems. The weighted
mean for the sample (dashed line) is !b /!m ¼ 0:133 # 0:004. We observe no
trend in baryon fraction with cluster mass. The error bars on the individual data
points and the weighted mean include only statistical uncertainties. The un-
weighted mean for the combined Zhang et al. (2007) and Rasmussen & Ponman
(2004) samples (dotted line) is included to provide a sense of the systematic
uncertainties. [See the electronic edition of the Journal for a color version of this
figure.]

5 Note that while this fit applies only to the Vikhlinin et al. (2006) data set , the
Gastaldello et al. (2006) points in Fig. 2 are consistent with this relation.

6 This is a slight ('20%) overcorrection because it includes the BCG,
which Lin et al. (2003) had already included.
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In massive clusters, only ~10% 
of the baryons are in stars, the 
rest is in the form of hot X-ray 

gas!! 
!

X-ray observations are important 
for tracing Large-Scale Structure 

formation and evolution.



Alternative way to measure properties of the hot gas  
in clusters of galaxies: the Sunyaev-Zel’dovich effect

Planck Collaboration: P. A. R. Ade et al.: SZ in Virgo as seen by Planck

Fig. 2. Left to right: Optical depth ⌧, dust temperature T (in kelvin), and spectral index �d of the dust component in the Virgo region.
Some clusters in this field of view (Coma to the North, Leo to the East, and Virgo near the centre) can be clearly spotted as artefacts
in the T and �d maps. The coordinates are Galactic and the field of view resembles that of Fig. 1 (31.�9) and other figures in this
paper.

ray-derived models and the SZ signal observed by Planck. The
relative proximity of Virgo means that at the resolution of Planck
any features larger than 26 kpc can potentially be resolved. This
is an unprecedented resolution for galaxy cluster studies. As op-
posed to other typical clusters, the geometry of Virgo reveals a
complex structure with di↵erent clumps being separated by up
to several megaparsecs (Jerjen et al., 2004).

At the centre of Virgo is M87, one of the most powerful
known AGN, flanked by two very luminous radio jets. The ra-
dio emission marks the regions where large amounts of energy
are being injected into the cluster medium. In X-rays, cold fronts
and shock waves have been identified that are also linked to the
extraordinary activity of the supermassive black hole at the cen-
tre of M87. Perhaps the clearest evidence of the extreme activity
surrounding M87 is the presence of radio lobes with a geometry
that suggests sub-sonic injection of colder gas into the intraclus-
ter medium (Churazov et al., 2001; Forman et al., 2007). The
activity of the AGN has an impact on the X-ray emissivity of the
surrounding gas at supergalactic scales.

As a theoretical counterpart, we use the Virgo cluster from a
constrained simulation of the local Universe. We adopt the ini-
tial conditions from Mathis et al. (2002), who perform N-body
numerical simulations and demonstrated that the evolved state of
these initial conditions provides a good match to the large-scale
structure observed in the local Universe. Here, many of the most
prominent nearby clusters (among them Virgo and Coma) can
be identified directly with halos in the simulations, with a good
agreement for sky position and virial mass. Dolag et al. (2005)
repeated these simulations including also the baryonic compo-
nent, demonstrating that the simulated SZ signal reproduces the
expected SZ signal. In this work we use a new simulation that
includes a wealth of physical processes known to be important
to reproduce realistic galaxy clusters, most importantly the feed-
back from star formation and from super-massive black holes.
We use an implementation that also matches various observed
properties of AGN, as described in the work of Hirschmann et al.
(2014), where details of the implemented physical processes can
be found.

This physical treatment within the simulations results in av-
eraged pressure profiles, which match well the observed ones

from Planck, as demonstrated in Planck Collaboration Int. V
(2013). However, one has to keep in mind that the uncertainties
in the construction of the initial conditions are still substantial,
so that the details of the Virgo cluster formed in the simulations
will be di↵erent from the real, observed one. Especially given
that the current state of the AGN in the centre of the simulated
Virgo cluster is not constrained at all, we therefore expect large
di↵erences particularly in the central part. Figure 1 shows the
region of the sky that contains the simulated Virgo and Coma
clusters in units of the Compton parameter, yc,

yc =
�T kB

me c2

Z
ne T dl (1)

where the integral is along the line of sight and �T, kB, me, ne,
and T are the Thomson cross section, Boltzmann constant, mass
of the electron, electron density, and electron temperature, re-
spectively.

The positions of Virgo and other simulated clusters in the
field of view in Fig. 1 are approximately the same as the actual
ones in the real world, as seen in previous studies (Mathis et al.,
2002; Dolag et al., 2005). The image shows the Compton pa-
rameter, yc, and has been saturated above yc = 6 ⇥ 10�6 for con-
trast purposes. When compared with Coma (the highest signal-
to-noise (S/N) SZ source in the sky), it is evident that despite
its low surface brightness, Virgo is expected to be the brightest
source in terms of integrated signal. Also from the same figure,
it is evident that the outskirts of the Virgo cluster cover a sig-
nificant area of many square degrees, where the elusive WHIM
could be detected after integrating over this large area. Some
evidence of its existence already exists from observations (e.g.,
Yoon et al., 2012).

The resolution of Planck does not allow us to study the pres-
sure profile of clusters in detail, since most of them appear un-
resolved or barely resolved. A few exceptions, like the Coma
cluster, have allowed a study of the pressure profile of clusters
in more detail (Planck Collaboration et al., 2013b). However,
Virgo is a significantly less massive cluster (for which SZ e↵ect
observations are rare) and o↵ers a unique opportunity to study
the pressure profile in a moderate-mass system, for which the
constraints are poor. The pressure profile has also been studied
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Images of Abell 2319 at seven frequencies as 
observed by Planck



How did the intracluster medium (ICM) get so hot?

The “Bullet Cluster”: a head-on merger of two galaxy clusters of similar mass. Such mergers 
are the most energetic events since the Big Bang!

Markevitch 
2006



What actually is a shock?

• shocks are caused by a disturbance that moves faster than the 
information about it can be propagated into the surrounding 
fluid (e.g. faster than the speed of sound) 

• this causes an abrupt, nearly discontinuous change in the 
characteristics of the medium (extremely rapid rise in pressure, 
temperature and density of the flow) 

• the total energy is preserved but the energy which can be 
extracted as work decreases and the entropy increases.



Rankine-Hugoniot shock jump conditions

allows the equation (42) to be written

ρu
du

dx
+

dP

dx
=

d

dx

!

ρu2 + P
"

= 0 (46)

so
ρu2 + P = constant =⇒ ρ1u

2
1 + P1 = ρ2u

2
2 + P2. (47)

If we had kept the viscosity terms in the derivation, equation (46) would instead have been
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3
µ
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$

= 0. (48)

Within the transition zone, where µ and du
dx are non-zero, ρu2 + P is not constant.

However, in the pre-shock and post-shock zones, µ and du
dx are negligible, so equation (47) holds.

We could use equation (48) (together with our other equations and the constitutive relation for
viscosity) to follow what happens within the transition zone. However, the fluid approximation
itself breaks down within this region.

Adding together equations (43) and (44) gives
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Since d

dx(ρu) = 0 and ρu ̸= 0, this equation implies that
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so
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.

If we had been more complete, the conserved quantity would also include viscosity and heat con-
duction terms, but once again, these are unimportant outside of the transition zone.

In summary, we have the Rankine-Hugoniot jump conditions for a plane-parallel shock:

ρ1u1 = ρ2u2 (49)

ρ1u
2
1 + P1 = ρ2u

2
2 + P2 (50)

1

2
u2

1 + ϵ1 +
P1

ρ1

= 1

2
u2

2 + ϵ2 +
P2

ρ2

. (51)

Even though the physics of the shock region may be complicated and varied, these conditions
follow from conservation of mass, momentum, and energy alone. More precisely, the first follows

39

conservation of mass

conservation of momentum

conservation of energy

from mass conservation, the second from mass and momentum conservation, and the third from
mass and energy conservation. If ρ1, u1, and P1 are known, we have three equations for the three
unknowns ρ2, u2, and P2.
Using ϵi = 1

γi−1

Pi

ρi
, the last of the jump conditions can be written
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P2

ρ2

,

for a gas that has a polytropic equation of state.
Note that γ2 may be different from γ1 if, for example, the shock dissociates molecules, or raises the
temperature so that previously inaccessible degrees of freedom become accessible.

7.2 The Mach Number

The dimensionless number that characterizes the strength of a shock is the Mach number, the ratio
of the shock speed to the upstream sound speed:

M1 ≡
u1

a1

=

!

ρ1u2
1

γP1

"1/2

. (52)

The factor in () can be viewed as a ratio of “ram pressure” to thermal pressure in the pre-shock
gas, or as a ratio of kinetic energy density to thermal energy density.

In terms of the Mach number, the shock jump conditions are (Ryden eqs. 3-51)
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A strong shock is one with M1 ≫ 1, yielding
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where the last equalities are for γ = 5/3.

In the rest frame of a strong shock, with γ = 5/3, the post-shock kinetic energy is
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1

32
u2

1,
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Defining the Mach number as

(1=preshock, 2=postshock region;  
assumed static solution so all time derivatives are zero, and no gravity)

from mass conservation, the second from mass and momentum conservation, and the third from
mass and energy conservation. If ρ1, u1, and P1 are known, we have three equations for the three
unknowns ρ2, u2, and P2.
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for a gas that has a polytropic equation of state.
Note that γ2 may be different from γ1 if, for example, the shock dissociates molecules, or raises the
temperature so that previously inaccessible degrees of freedom become accessible.

7.2 The Mach Number

The dimensionless number that characterizes the strength of a shock is the Mach number, the ratio
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The factor in () can be viewed as a ratio of “ram pressure” to thermal pressure in the pre-shock
gas, or as a ratio of kinetic energy density to thermal energy density.

In terms of the Mach number, the shock jump conditions are (Ryden eqs. 3-51)
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where the last equalities are for γ = 5/3.

In the rest frame of a strong shock, with γ = 5/3, the post-shock kinetic energy is
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we can rewrite the equations above, for an incompressible fluid that has 
a polytropic equation of state:

from mass conservation, the second from mass and momentum conservation, and the third from
mass and energy conservation. If ρ1, u1, and P1 are known, we have three equations for the three
unknowns ρ2, u2, and P2.
Using ϵi = 1
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for a gas that has a polytropic equation of state.
Note that γ2 may be different from γ1 if, for example, the shock dissociates molecules, or raises the
temperature so that previously inaccessible degrees of freedom become accessible.

7.2 The Mach Number

The dimensionless number that characterizes the strength of a shock is the Mach number, the ratio
of the shock speed to the upstream sound speed:
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The factor in () can be viewed as a ratio of “ram pressure” to thermal pressure in the pre-shock
gas, or as a ratio of kinetic energy density to thermal energy density.

In terms of the Mach number, the shock jump conditions are (Ryden eqs. 3-51)
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where the last equalities are for γ = 5/3.

In the rest frame of a strong shock, with γ = 5/3, the post-shock kinetic energy is
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Hydrodynamical simulations
Idea: dark matter treated as particles (N-body); in addition, we 

approximate the baryons as an ideal fluid and solve for  
the conservation of mass, momentum, and energy 

(given the gravitational potential from the N-body simulation).
568 FRENK ET AL. Vol. 525

FIG. 7.ÈProjected X-ray luminosity at z \ 0. The images, covering the inner 8 Mpc of each simulation cube, have been smoothed with the Ðlter chosen by
each author to best portray the results of each simulation (see Table 1).

that reÑect slight departures from virial equilibrium. The
agreement on the values of b and indicates thatUkin/Uthermthe shock-capturing properties and the efficiency with
which infall kinetic energy is thermalized in shocks are
similar in the SPH and grid-based codes, at least in the
regime explored in this simulation. Most simulators
obtained values of about 3.6 ] 1062 ergs for the bulk kinetic
energy, except Gnedin and Wadsley, who found values
about 25% smaller. Lower turbulent energies probably
result from some combination of smaller noise-induced
motion, greater viscous damping, and, in WadsleyÏs case, a
more dynamically advanced state, but the actual factors
responsible in each case are unclear.

There is substantially less consensus about the estimated
X-ray luminosities of the cluster, calculated approximately
as / o2T 0.5 dV , and so given in units of K1@2 Mpc~3.M

_
2

The values found span a range of a factor of D10, or a
factor of D5 if we exclude YepesÏ low-resolution model.
Resolution e†ects also account for the small values
obtained by Cen and Owen. The largest values were
obtained in the intermediate- and high-resolution grid-
based simulations of Gnedin and Pen, respectively, and in
EvrardÏs SPH simulation. EvrardÏs and WadsleyÏs models
produced larger X-ray luminosities than other SPH simula-

tions because their clusters are in a slightly more advanced
(and more active) dynamical state. The higher luminosities
from the high-resolution grid-based codes are due to their
slightly more concentrated central gas distributions (see
Fig. 3 and ° 4.3 below). Because the total X-ray luminosity is
sensitive to the structure of the inner few hundred kilo-
parsecs of the cluster, it Ñuctuates quite strongly in time and
is very sensitive to simulation technique.

As a Ðnal test, we compare the shapes of the clusters, as
measured by the inertia tensors, I \ ; form

i
x
i
x
j
/; m

i
,

both the dark matter and the gas within the spherical region
that deÐnes the cluster. We label the eigenvalues of this
tensor a2 [ b2 [ c2 and deÐne the axial ratios to be a/b and
a/c. As can be seen in Figures 1 and 3, the cluster is aspheri-
cal, with the orientation of its longest axis reÑecting its
formation by infall along a Ðlament. The axial ratios shown
in Figure 9 show, in fact, that the cluster is triaxial. The
dark matter distribution (circles in Fig. 9) is considerably
more aspherical than the gas (crosses) in all cases except
GnedinÏs. There is generally good agreement amongst the
di†erent simulations, although there are a few anomalies.
For example, Owen Ðnds the smallest axial ratios for the
dark matter distribution even though the inner regions of
his cluster appear quite elongated in Figure 1. This is prob-

“Santa Barbara Cluster Comparison Project”  
(Frenk et al. 1999)

“Smoothed  
particle 

hydrodynamics” 
Lagrangian 
(coordinates 

move with the 
fluid); initially 

easier to adjust 
the resolution for 
higher densities

grid-based 
Eulerian 

(exact solution 
to Riemann 
problem; 
captures 

discontinuities 
and 

instabilities 
better; yellow 

boxes)



Illustris simulation
“Only” 106.5 Mpc on a side, 3x18203 particles; TreeSPH Hybrid numerical method 

Smallest resolved cell 50pc (!), mass resolution ~a few 106 Msun(!) 
2000 years of CPU time  

 Vogelsberger et al. (2014a+b)

http://www.illustris-project.org/movies/illustris_movie_sb0_shocks.mp4

http://www.illustris-project.org/movies/illustris_movie_sb0_shocks.mp4


How did the intracluster medium (ICM) get so hot?
F. Vazza et al.: Turbulence and shocks in galaxy clusters 37

Fig. 5. Left: modulus of total gas velocity in a slice of side 7.5 Mpc and depth 18 kpc, for the v256-4 run at z = 0.6. Right: map of Mach number
(in colors) and turbulent gas velocity field (arrows).

is already reached at ≥0.2Rvir for δ = 3 (v128-3). The adopting
the mesh refinement criterion based on velocity jumps for z < 2
(v128-z2) produces profiles consistent with those from the run
where this criterion is applied since the beginning of the simula-
tion (v128), provided a small difference is found for r ∼ Rvir.

In the cases where the AMR peak resolution is fixed at
∆ = 36 kpc (v256-3, v128-3, v64-3), the adoption of a larger
mass resolution in DM particles causes a significant decrease in
the turbulent budget at large radii (the kinetic energy profiles,
however, are almost unaffected by that). We find that the reason
for this is that in the cluster outskirts, where strong accretion
shocks are located, satellites with a too coarse DM mass resolu-
tion have a typically smaller gas and DM density concentration,
and they are more easily stripped and/or destroyed generating
more small scale chaotic motions in the peripheral regions of
clusters (see also Sect. 4.4).

The total kinetic energy within Rvir in our simulations is in
line with SPH results with reduced artificial viscosity (Vazza
et al. 2006) and other AMR results obtained with ENZO
(Iapichino & Niemeyer 2008). However, it is unclear if the ob-
served inner turbulence profile can be reconciled with with SPH
findings, where an increase of the ratio between turbulent en-
ergy and the total one is observed with decreasing radius, for
r/Rvir < 0.1 (Dolag et al. 2005). On one hand it seems that
the progressive increase of the DM mass and force resolution in
our simulations causes the same kind of steepening also in our
innermost profile, on the other hand the turbulent energy bud-
get remains smaller by a factor ∼5−6 respect to SPH results.
Whether or not this is related to the different clusters under ob-
servation (and to their dynamical states) or if this is this a more
fundamental issue caused by differences between AMR and SPH

simulations, is a topic that deserves more accurate investigations
in the future.

4.3. Power spectra and structure functions of the turbulent
velocity field

We characterize the cluster velocity field through it 3D power
spectrum, E(k), defined as:

E(k) =
1
2
|ũ(k)|2, (1)

where ũ(k) is the Fourier transform of the velocity field:

ũ(k) =
1

(2π)3

!

V
u(x)e−2πi k·xd3x. (2)

E(k) is calculated with standard FFT algorithm (e.g. Federrath
et al. 2009, and references therein), and with a zero-padding
technique to deal with the non-periodicity of the considered vol-
ume. Differently from SPH and standard AMR simulations, the
velocity plus density refinement allows to follow the cluster ve-
locity field with high spatial resolution in lower density regions,
with important consequences on the capability to describe its
spectral properties over a wide range of scales.

The left panel in Fig. 7 shows the 3–D power spectra calcu-
lated for all runs at z = 0.1. E(k) is approximately described
by a simple power law over more than one order of magni-
tude in k, with a slope not far from a standard Kolmogorov
model (E(k) ∝ k−5/3). At large scales (k < 4) a flattening in
the spectrum is observed in all runs, at a wave number roughly
corresponding to the virial diameter of the cluster, which likely
identifies the outer scale of turbulent motions connected with

Vazza et al. 2009

Mach number (in colour) and gas 
velocity field (arrows) from a numerical 
simulation of a cluster of galaxies. The 

image is 7.5 Mpc on a side.  
!

Accretion shocks (as fresh material 
falls in from the surrounding LSS) play 
an important role in heating the gas!



Image credit: R. Cen

A large fraction 
of the baryons 

in the local 
Universe are in 

the diffuse 
“Warm-Hot 

Intergalactic 
Medium” in LSS 

filaments



The intergalactic medium beyond clusters of galaxies: emission

Eckert et al. 2015Werner et al. 2008



The intergalactic medium beyond clusters of galaxies: absorption

Buote et al. 2009 
XMM-Newton (black), Chandra (red)

also many results in UV by HST COS



Suggested essay topics

1) There are currently not very many detections of merger shocks in galaxy clusters 
with confirmed temperature and density jumps in the X-rays. Review some recent 
literature to discuss what we know so far. Do these shocks really follow the Rankine-
Hugoniot conditions? Do the electron and ion temperatures equalise instantly or is 
there a lag? What are the signatures of these shocks in the radio band? [contact me 
for a reading list] 

!
2) Discuss different ways of searching for clusters of galaxies (SZ, X-ray, optical). What 

are the advantages and disadvantages of each method?


